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We develop the effective field theory approach to torsional modified gravities, a for-
malism that allows for the systematic investigation of the background and perturbation
levels separately. Starting from the usual effective field theory approach to curvature-
based gravity, we suitably generalize it at the background level by including terms of the
contracted torsion tensor, and at the perturbation level by including pure torsion pertur-
bative terms and mixed perturbative terms of torsion and curvature. Having constructed
the effective field theory action of general torsional modified gravity, amongst others we
focus on f(T ) gravity and we perform a cosmological application. We investigate the
scalar perturbations up to second order, and we derive the expressions of the Newto-
nian constant and the post Newtonian parameter γ. Finally, we apply this procedure
to two specific and viable f(T ) models, namely the power-law and the exponential ones,
introducing a new parameter that quantifies the deviation from general relativity and
depends on the model parameters. Since this parameter can be expressed in terms of the
scalar perturbation mode, a precise measurement of its evolution could be used as an
alternative way to impose constraints on f(T ) gravity and break possible degeneracies
between different f(T ) models.
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1. The Effective Field Theory Approach to Torsional and f(T )

Gravity

For more details about this work we refer readers to our recent work1,2.

The action of the effective field theory (EFT) after combining modified telepar-

allel gravity is

S =

󰁝
d4x

√
−g

󰁫M2
P

2
Ψ(t)R− Λ(t)− b(t)g00 +

M2
P

2
d(t)T 0

󰁬
+ S(2) , (1)

where T 0 = g0µT ν
µν and Tµ

νρ is the torsion tensor. In the above action we have

included the part S(2), which includes all terms that explicitly start quadratic in

perturbations, and thus it does not affect the background dynamics. In addition

to the terms presented in the ordinary EFT action, the part S(2) is expected to

include also:

i) Pure torsion terms such as δT 2, δT 0δT 0 and δT ρµνδTρµν (T is the torsion scalar.);

ii) Terms that mix curvature and torsion, such as δT δR, δg00δT , δg00δT 0 and

δKδT 0 (K is the trace of the extrinsic curvature.).

From this action we could derive the equivalent energy density and pressure of

the dark energy:

ρeffDE =b+ Λ− 3M2
P

󰁫
HΨ̇+

dH

2
+H2(Ψ− 1)

󰁬
, (2)

peffDE =b− Λ+M2
P

󰁫
Ψ̈+ 2HΨ̇+

ḋ

2
+ (H2 + 2Ḣ)(Ψ− 1)

󰁬
. (3)

2. Application to f(T ) Theory and Its Cosmology

For f(T ) gravity we have the below correspondence to the parameters of the EFT

action.

Ψ(t) = −fT (T
(0)) ,

Λ(t) =
M2

P

2

󰁫
T (0)fT (T

(0))− f(T (0))
󰁬
,

d(t) = 2ḟT (T
(0)) ,

b(t) = 0 , (4)

where we have used symbol fT to label the derivate of f(T ) with respect to T and

T 0 represents the background value. So the EFT action of f(T ) gravity is

S =
M2

P

2

󰁝
d4x

√
−g

󰁫
− fT (T

(0))R+ 2 ˙fT (T
(0))T 0 − T (0)fT (T

(0)) + f(T (0))
󰁬
. (5)
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2.1. Scalar perturbations

The scalar perturbations of tetrad9 under the Newtonian gauge up to second order

is

e0µ =δ0µ
󰀃
1 + φ+

1

2
φ2 +

1

2
∂iχ∂iχ

󰀄
+ aδiµ

󰁫
∂iχ+

1

2
(φ∂iχ− ψ∂iχ)

󰁬
, (6)

eaµ =aδiµδ
a
i

󰀃
1− ψ +

1

2
ψ2

󰀄
+

a

2
δiµδ

a
j ∂iχ∂jχ+ δ0µδ

a
i

󰁫
∂iχ+

1

2
(φ∂iχ− ψ∂iχ)

󰁬
, (7)

eµ0 =δµ0
󰀃
1− φ+

1

2
φ2 +

1

2
∂iχ∂iχ

󰀄
+

1

a
δµi

󰁫
− ∂iχ+

1

2
(φ∂iχ− ψ∂iχ)

󰁬
, (8)

eµa =
1

a
δµi δ

i
a

󰀃
1 + ψ +

1

2
ψ2

󰀄
+

1

2a
δµi δ

j
a∂iχ∂jχ+ δµ0 δ

i
a

󰁫
− ∂iχ+

1

2
(φ∂iχ− ψ∂iχ)

󰁬
,

(9)

where χ is the additional scalar that could be present in the f(T ) theory. This

perturbed form of tetrad will give rise to the below perturbed metric

g00 = −(1 + 2φ+ 2φ2) , (10)

gij = a2δij(1− 2ψ + 2ψ2) , (11)

g00 = −(1− 2φ+ 2φ2) , (12)

gij = a−2δij(1 + 2ψ + 2ψ2) , (13)

Substituting these expressions into the EFT action and varying it with respect to the

scalars, we could derive the Newtonian constant after choosing the post-Newtonian

approximation

k2φ =
a2

2M2
P fT

󰀕
1− a2M2

M2
P fTH

2k2

󰀖
δρm ≈ a2

2M2
P fT

δρm . (14)

And the post-Newtonian parameter is

γ =
ψ

φ
= 1 +

a2M2

fTH2k2M2
P − a2M2

≈ 1 . (15)

2.2. Tensor perturbations

The tensor part of the perturbation of tetrads is

ē0µ = δ0µ , (16)

ēaµ = aδaµ +
a

2
δiµδ

ajhij +
a

8
δiµδ

jahikhkj , (17)

ēµ0 = δµ0 , (18)

ēµa =
1

a
δµa − 1

2a
δµiδjahij +

1

8a
δiµδjahikhkj , (19)

which gives rise to the below metric

g00 = −1 , g0i = 0 ,

gij = a2
󰀃
δij + hij +

1

2
hikhkj

󰀄
. (20)
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From the action (5), we know the only difference of f(T ) EFT action from that of

f(R) theory3 is that the term 2 ˙fT (T
(0))T 0. However because of T 0 = 3H, this term

wouldn’t contribute to the equation of motion, so we obtain the below equation of

gravitational wave

ḧij + 3H
󰀃
1− βT

󰀄
ḣij +

k2

a2
hij = 0, (21)

where we have defined

βT ≡ − ḟT
3HfT

=
d ln fT
d lnT

(1 + wtot) . (22)

So we could see that the speed of gravitational wave for f(T ) theory at the astro-

physical scale is exactly the speed of light. However βT would modify the dispersion

relation in the below way
󰀏󰀏󰀏󰀏
dω

dk

󰀏󰀏󰀏󰀏 =
1

a

󰁫
1− 9a2

4k2
H2(1− βT )

2
󰁬− 1

2

. (23)

The above is just a rough analysis. More details can be found at the work1,2.

References

1. C. Li, Y. Cai, Y. F. Cai and E. N. Saridakis, arXiv:1803.09818 [gr-qc].

2. Y. F. Cai, C. Li, E. N. Saridakis and L. Xue, arXiv:1801.05827 [gr-qc].

3. G. Gubitosi, F. Piazza and F. Vernizzi, “The Effective Field Theory of Dark

Energy,” JCAP 1302, 032 (2013) [arXiv:1210.0201 [hep-th]].

4. R. Aldrovandi, J.G. Pereira, “Teleparallel Gravity: An Introduction,” Springer,

Dordrecht, 2013.

5. Y. F. Cai, E. N. Saridakis, M. R. Setare and J. Q. Xia, “Quintom Cosmol-

ogy: Theoretical implications and observations,” Phys. Rept. 493, 1 (2010)

[arXiv:0909.2776 [hep-th]].

6. G. R. Bengochea and R. Ferraro, “Dark torsion as the cosmic speed-up,” Phys.

Rev. D 79, 124019 (2009) [arXiv:0812.1205 [astro-ph]].

7. C. Cheung, P. Creminelli, A. L. Fitzpatrick, J. Kaplan and L. Senatore, “The

Effective Field Theory of Inflation,” JHEP 0803, 014 (2008) [arXiv:0709.0293

[hep-th]].

8. J. K. Bloomfield, E. E. Flanagan, M. Park and S. Watson, “Dark energy or

modified gravity? An effective field theory approach,” JCAP 1308, 010 (2013)

[arXiv:1211.7054 [astro-ph.CO]].

9. K. Izumi and Y. C. Ong, “Cosmological Perturbation in f(T) Gravity Revisited,”

JCAP 1306, 029 (2013) [arXiv:1212.5774 [gr-qc]].

10. R. Zheng and Q. G. Huang, “Growth factor in f(T ) gravity,” JCAP 1103, 002

(2011) [arXiv:1010.3512 [gr-qc]].


