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Jǐŕı Kovář and Petr Slaný
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We discuss the effects of electric charging on the equilibrium configurations of mag-
netized, rotating fluid tori around black holes of different mass. In the context of
gaseous/dusty tori in galactic nuclei, the central black hole dominates the gravitational
field and it remains electrically neutral, while the surrounding material acquires some
electric charge and exhibits non-negligible self-gravitational effect on the torus structure.
The structure of the torus is influenced by the balance between the gravitational and
electromagnetic forces.
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1. Introduction

Within the framework of General Relativity, black holes are fully described by a

small number of parameters1. The most relevant from the viewpoint of astrophysi-

cal applications are the mass of the black hole, M•, and angular momentum J• or,

in a dimension-less form, the spin parameter a∗ ≡ a/M• = J•c/GM2

•
. The classical

black-hole solution of Kerr-Newmann can be equipped by electric charge, although

any significant value appears to be astrophysically unlikely over an extended dura-

tion because of continued process of neutralization by a selective charge accretion

from the surrounding plasma into any cosmic black holes must be embedded.

Within the Kerr-Newman solution, in dimensionless Boyer-Linquist coordinates

(t, r, φ, θ), the line element adopts the form2

ds2 = −∆

Σ
(dt− a sin θdφ)

2
+

Σ

∆
dr2 + Σdθ2 +

sin2 θ

Σ

[(

r2 + a2
)

dφ− adt
]2

, (1)

where ∆(r) = r2 − 2r+ a2 + e2 and Σ(r, θ) = r2 + a2 sin2 θ. Quantities a and e are

the rotational and charge parameters of the spacetimes. The associated non-zero

components of the antisymmetric electromagnetic field tensor Fij = Aj,i −Ai,j are

Frt =
e(r2 − a2 cos2 θ)

Σ2
, Frφ =

−ae sin2 θ(r2 − a2 cos2 θ)

Σ2
, (2)

Fθt =
−a2er sin 2θ

Σ2
, Fθφ =

aer sin 2θ(r2 + a2)

Σ2
. (3)



April 27, 2018 10:3 WSPC Proceedings - 9.75in x 6.5in karas-AC3-main page 2

2

The effective potential for the motion of a particle with the specific charge

q̃ = q/m, takes the form

W (r, θ) =
Y +

√
Y 2 −XZ

X
, (4)

where X = (r2 + a2)2 − ∆a2 sin2 θ, Y = (L̃a + q̃er)(r2 + a2) − L̃a∆, Z =

(L̃a+ q̃er)2 −∆Σ−∆L̃2/ sin2 θ; here, L̃ = L/m is the conserved axial component

of specific angular momentum. The effective potential (4) develops local minima

outside the equatorial plane θ = π/2, which suggests the possibility of halo orbits.a

They occur provided that the electric charge of the accreted matter is non-zero and

interacts with the global magnetic field of the central object and/or of the external

origin due to currents flowing outside the horizon. In the other words, the stable

configuration allows for a distribution of charged matter near the equator, in lobes

located symmetrically above and below the equatorial plane, or even around the

polar axis (see Fig. 1). This represents general-relativistic version of Störmer’s halo

orbits that have been explored in connection with the motion of electrically charged

dust grains in planetary magnetospheres.5 In the case of Kerr-Newman solution,

it can be found that the particular form of mutually connected gravitational and

electromagnetic fields do not allow existence of stable halo orbits above the outer

horizon; an additional external magnetic field is required.

The prevailing process of neutralization, however, may not prevent the surround-

ing material to undergo electric charging in the environment of complex plasma that

is irradiated by energetic X-rays, as is often the case in active galactic nuclei. This

mechanism leads to charge separation within the dusty tori. Therefore, we have pro-

posed the process of charging as mechanism that can maintain geometrical thickness

of the dusty tori in the vertical direction.6

Furthermore, the existence of mutually detached regions (lobes) of bound stable

orbits can provide a framework to trigger oscillations; it allows us to imagine a

situation when the bulk motion along the circular trajectories is superposed by

a fraction o material that performs oscillatory motion between the disconnected

lobes. Halo orbits could have outstanding consequences for the radiation signal from

accreting black holes. On the other hand, general relativity effects have a tendency

to bring the halo orbits closer to the equatorial plane compared to corresponding

Newtonian solutions. Also, to ensure the intrinsic self-consistency of the model we

need to include self-gravity of the medium in the consideration, as this can further

diminish the vertical thickness of the figures of equilibrium of electrically charged

fluid.7–9

aWithin the particle approximation the halo orbits are formed by stable bound trajectories which
do not cross the equator. In the fluid analogy they correspond to toroidal structures with the
pressure maxima at θ 6= π/2 (i.e. z 6= 0).3,4
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Fig. 1. A black hole is immersed in asymptotically homogeneous magnetic field ~B and encircled
by a torus-like equatorial fluid configuration, and an off-equatorial polar cloud. The charge distri-
bution within the fluid interacts with the magnetic field and helps to levitate the fluid above the
equatorial plane. Similar effect occurs for trajectories of electrically charged particles.

2. Electrically charged tori near a magnetized black hole

We describe the fluid by polytropic equation of state,

p = κρΓ, (5)

with κ and Γ being parameters of the polytrope. This relation ensures conserva-

tion of entropy, as is appropriate for a perfect fluid. Neglecting the electrostatic

corrections to the equation of state we can use the polytropic equation consistently

even to described an electrically charged state. In the case of sufficiently small ρ

the medium is non-relativistic and the contribution of the specific internal energy

ǫ/ρ − 1 to the total energy density becomes negligible (i.e., ǫ ≈ ρ), however, this

assumption is not accurate enough once the density increases; in such a case the

self-electromagnetic field cannot be ignored.

The configuration of the fluid is determined by its rotation in the φ-direction

with 4-velocity Uα = (U t, Uφ, 0, 0), specific angular momentum ℓ = −Uφ/Ut and

angular velocity ω = Uφ/U t. These are related by

ω = − ℓgtt + gtφ
ℓgtφ + gφφ

, (Ut)
2 =

g2tφ − gttgφφ

ℓ2gtt + 2ℓgtφ + gφφ
. (6)

The shape of a charged fluid torus with a charge density profile q and energy density

ǫ is determined by isobaric surfaces of the pressure p profile (equi-pressure surfaces),

which can be derived from the conservation equation

∇βT
αβ = FαβJβ , (7)

where Jα is the fluid 4-current density and Tαβ is the stress-energy tensor,

Tαβ = (ǫ+ p)UαUβ + pgαβ. (8)

From the above-given relation two partial differential equations follow for the radial

and latitudinal distribution of pressure,

∂p

∂r
= −(p+ ǫ)R1 + qR2 ≡ R0,

∂p

∂θ
= −(p+ ǫ)T1 + qT2 ≡ T0, (9)
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where R0 = R0(r, θ) and T0 = T0(r, θ) denote the right hand sides of the two latter

equations.6

As an specific example of the imposed electromagnetic field we can write the

static case of an asymptotically uniform magnetic field with intensity B. Such

settings can be described by the special case (zero rotational parameter) of Wald’s

test-field solution of Einstein-Maxwell equations, which in dimensionless units reads

At = −e/r, Aφ = 1

2
Br2 sin2 θ, (10)

describing the electromagnetic field in the background of Schwarzschild geometry.

A generalization of the adopted approach to the case of a rotating (Kerr) black hole

is straightforward but technically more complicated and beyond the limited space

of the present contribution.

3. Conclusions

We further explored off-equatorial configurations of electrically charged fluid near

magnetized black holes. By comparison with previous works we showed that the

conditions of existence of these configurations can be diverse. By mass-scaling

paradigm for cosmic black-hole sources, similar effects can occur also in the context

of stellar-mass black holes, where a massive torus can form as a remnant of a tidally

disrupted companion.
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