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is the fractional gain (or loss) of energy in a scattered wave, Starobinsky and Churilov find (in our notation)

K [ =+ 12 < k2
= —: [w(r_,_ i ?'_)]m )[m] “zl (1 “+ 4€3n3) » (6-2)

which shows the amplification (Z positive) in the superradiant regime (kw negative). <
For w = mw,, the radial equations can be solved in terms of confluent hypergeometric functions in the special
case a = M (maximally rotating hole) Starobinsky and Churilov rturbed away from this solution to find
solutions for Z in a neighborhood w =~ mw.,, but with a = M exactlpe Here their calculation is generalized to a
neighborhood a = M.
hen a = M, there are two distinct cases for the behavior of Z, depending on the value of

8% = a?m?IM? — A — (s + ). (6.3)

(Note that our definition of A differs from that used by Starobinsky and Churilov by —2amw.) When 8% < 0,
Z passes through smoothly through zero as w passes through mew ,. When 82 > 0, however (which occurs for all
modes with / = m and for other modes with / close enough to m), Z oscillates an infinite number of times between
two positive values when w — mw , from below, while Z oscillates an infinite number of times between a negatwe
value and — 1 when w —> mw ., from above. The magnitude of the oscillations is generally too small to be seen in
numerical work, with one exception: fors =7/ =m = 1, Z,./Zmn = 1.44. (For comparison, the value for 5 =
I = m = 2 is 1.00002.) However, the numerical work of the next section shows no hint of an oscillation, even for
s=1[1=m =1 and a = 0.99999M. The reason for this is seen in studying the behavior of Z in the double limit
a—> M, w — mw,
Appendix A extends the calculation of Z to the case where

x =1 <1, y=0 —a?)/M3H'"2 «< 1. (6.4

Th

sSult is

Z = sinh? 278 sinh =« exp (2n&d)/[e ~™ cosh? m(2& — 8) cosh =(28 + 8 + «)
+ e"® cosh? #(2& + 8) cosh 7(2& — & + «)

— 2 cos iy cosh 7(2& + 8) cosh m(2&4 — 8) cosh'? #(2& + 8 + x) cosh'? =#(2& — & + »)],

mac|(yM), & = wr,, and i is defined in equation (A16). The result of Starobinsky and Ch
y letting »» — O (x — o). For « positive, this gives

= sinh?® 275 &"—"3) cosh m(2& + 8)] 2 (6.6)

‘ V‘ ©o nt — 2ln( 2a). As o — 0, this ex blts an infinite mber of oscillations bet
. 3 t.z

Zmin = sinh? #8/cosh? 2, (6.8)
‘ 0 for fix g rﬁ n (@rw? »\‘11\ Thus qﬁ all  there
e a ﬁmte umber o osc:ll ons ore Z — n the favo le ca of s=l=m= is ' not positive

ing oscﬂlatlons‘ not valid) until 2 > 0.995A7. Even then, ali merical evaluatlon of equation

must have a Within 10 ik of’ M beforc an osci auon beconfiks v1s:ble for all practlcal

o e

1I. ‘UMER[CAL RESULTS: WAVWB ION AND S RRADIANT SCATTERING

and of course |s| which t bmg field we are lookmg at. Using the results of the preceding sections,
the calculation of Z is a stralght : choose a form of the radial perturbation equation (§ IT) which makes

3
‘_ lnrlmary rx'x ﬁn orf _loss of energy in a scattered wave. Z is a
of the v le’s@otation a/AM, the mode numbers [ and m,

the inward boundary condition easy t posc and (importantly!) numerically stable against contamination with the
other solution when integrated outward. At some moderate radius, say r ~ 3M, use the relations between the
solutions (§ III) to switch to a different form of the radial equation, one which makes the ingoing wave solution
stable to numerical integration out to radial infinity, and the coefficient of this wave easy to determine there.

Z2¢

Compieting tire inmtegration, use the results of § IV to read off the ingoing energy Huxes at the horizon and at
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ole, The inclination
angles vary us above for the Schwarzchild case i (a)-(c). Other parameters are the same as

Fig. 2. Vardous iron line models for a Sehwarzchild black hole. The inclination angles
represented are 5° for (a), 45° for (b}, and 80 for (¢). Here o, = a3 = 3.0, and 1y, and

Tmae A0 hield constant at 61y and 50r,, respectively. The diskline profile is in solid black,
the kerrdisk profile is in dashed red, the kyrline profile including emission from within
the 1SCO is in dush-dotted green and the kyrline profile not including 1SCO radiation is
in dotted blue,

IN 00 GRESS.

L4

those used in the Schwarzchild case, but now rum = 1.2357,, corresponding to the radius
of marginal stability for a masimal Kerr black hole, rather than the 6ry, Schwarzchild 1y,
The laor profile is in solid black and the rest of the color scheme s the same as that used
in Fig. 2 ahove.
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