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Abstract

Thinking of Hawking radiation calculation
from a Schwarzschild black hole using
Damour-Ruffini method, some key
requirements of the tortoise coordinate
transformation are pointed out. Extending these
requirements to a dynamical black hole, a

dynamical tortoise coordinate transformation is
proposed.
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Abstract

Under this new dynamical tortoise coordinate
transformation, Hawking radiation from a Vaidya
black hole can be got successfully using Damour-
Ruffini method. Moreover, we also find that the
radiation should be regarded as originating from
the apparent horizon rather than the event horizon
at least from the viewpoint of the first law of
thermodynamics.
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Spherically Symmetric Schwarzschild
Vacuum Solution of Einstein Equation

ds® =—c*(1— 2G-2I\/I ydt® + (1— 262M Y'dr? +r°(d@* +sin” o?)
Cr cr
2GM
r="—
C

The apparent horizon and event horizon
are coincident with each other.
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Black Hole Physics

(1) k¥ 1s a constant over the horizon of a stationary

black hole
(2) dM = dA+ O,
(3) XA > 0in any process
(4) Impossible to achieve x = 0

by a physical

| process
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Hawking Radiation

Under quantum theory, Hawking got the
black body spectrum in 1974 as

1 1
N2 = —
) eSﬂMa) il ea)/kBT il

Two problems:

(1)Information loss paradox!

(2)Are there any really static
or stationary black holes?
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Several Intrinsic Contradictions for
Black Hole Thermodynamics

Black hole definition under classical general relativity and
that under quantum theory with Hawking radiation

Purely thermal Hawking radiation with information loss
paradox and the unitary condition under quantum theory

The black hole thermodynamics is deduced from a
stationary case, but it is impossible that a black hole is
stationary with Hawking radiation

Classical general relativity
and quantum theory
A exemplification of the
difficulty of quantum gravit
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The Correction for
Hawking Purely Thermal Spectrum

Parikh-Wilczek method

Hamilton-Jacobi method

Damour-Ruffini method

ack-Reaction o
awking Radiatl
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Parikh-Wilczek Method

ds> = —(1—¥)dt2 +(1—¥)‘1dr2 +1°(dg” +sin” &lg”)

t=7+f(r)
dt=dz+ f'(r)dr

2M

ds* =—(1-=——)dz’ +2
I

V4

(1—@)* —<1—¥)(f’(r))2 -1

zﬂldﬂr+dr2+rﬂd92+ﬂn2&wf)
\ "

Under Painleve coordinates, the radial null
geodesic equation 1s

a _,,_ |2M
dr r
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Parikh-Wilczek Method
[I' ~exp(—2Iml) = exp(—pfE)

Iml = Imjr_rf p,dr = Imj:f jopr dp, dr

dH ~oH dr
dpo ' op dr
Im | —Im_“Irf 0 didr—— mjrfj drdE ' :472_“0EdE'(|\/| -E)
2(M —-E)
dr \/ r

I' ~ exp(—82ZME(1 — %)) = exp(AS)
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Hamilton-Jacobi Method
g“'9,10,1 +m* =0

ds? = —(1—¥)dt2 +(1—¥)1dr2 +1r°(d@” +sin” &e?) @

1

ey sa-Me iy Lay . 6 1)*)+m? =0
2M r r2 P

<M sin” @
L 1 0,1 =-E
| =—-Et+W(r)+J(0,9p) o.1 =W'(r)
Vool =3,

dr 2M 1 1
| =—Et + E’—(1-=)(m*+—=J2 + J2)+J(6,
| \/ (==2m* + 3]+ = 30) + (0,0)
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Hamilton-Jacobi Method

do’ = (1—¥)Adr2 +r’(dé” +sin” Me?)

do , 2M
W(o) = | 1_2M\/E —(1—@)m
\/ r(o)
Iml =ImW =2ar,E

Thinking of the back-reaction, we have

I' ~exp(—2Im 1) = exp(—87ZME (1 - %)) = exp(AS)
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Damour-Ruffint Method

ds* =—(1-20)dt? + (1= 225)dr 4 1(d0° +sin’ )
10 L o
g o V799 ) H =0 @
2M o’ 0 0
~(1-=")"'r* =—+=—(r* =2Mr)—
[ r ) ot’ 8r( )(’3r

2
+ 1 a(siné’i)+ L 9

—r’u’® = 0.
000 "0 T st ot " M

2M 0’ 0 0 R
~(1-=)'r =—+—=—(*-2Mr)—-r’y’ 12 =-1(+DR_/r
[=¢ r) v ar( )8r ﬂ]r (I+DR,
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Damour-Ruffint Method

Tortoise coordinate |y, = r + 2M In[(r —2M)/(2M)]

2M d 2M d
dr, = (1- =2 dr — —q-=0
( r ) dr ( r ) dr.
d* __2M . d7 oM d
dr’ r dr”,  (r—2M)’dr,

0" 0 __2M 2 1d+1)

+ 1R (r,t)=0
ot or} r o r r’ A 1R, (nY
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Damour-Ruffint Method

0° 0° )
r | R (r,t)=0
82 82
r—-2M R (r,t)=0
d atz o iR, (I, 1) =

Particles move near the horizon just like
mass-less ones for the infinite observer.

in _ -lo(t+r) out  A-lo(t—r)
R, =€ R, =¢

9



Ventimiglia - Italy

Damour-Ruffint Method

Advanced Eddington-Finkelstein coordinate

v=1t+Tr,
R(Ign _ e—ia)v, Rgut _ ezia)r* .e—ia)v
Rout b e2ia)r* . e—ia)v _ e2ia)r . e—ia)v .(r o 2M )i4Ma)
v 2M

(r=2M)—>|r-2Mje™ =(2M —r)e™”
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Damour-Ruffint Method

Rgm _ e2ia)r . e—ia)v . (ZI;AM_ r)i4Ma) . e47z|\/|a)

_ e—ia)v . e47z|\/la) . ei2a){r+2M In[2M=r)/(2M)]} _ e47zMa) . e2icor* . e—ia)v.
out 2
RO (r>2M)[
R (r < 2M)

—87M
= “’,

8z[ (M-0)do' B B
= Hri — g IO _ g 870(M-0/2) _ 448
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A Dynamical Vaidya Black Hole

ds? = —(1 - 2m(v)j dv” 4 2dvdr +r*(d&” +sin” 8d¢*)
r

. The apparent
ey = 2m/(1_2rEH ) Ny =2m horizon and
event horizon
are not
K f coincident with
“hogy N, =1/ | e 1 each other any
27Ky

maore.
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event
horizon
%3 Tms= L
apparent ,. / /""/‘/
horizon I’f ]/ s \‘: , quantum

;| Jﬁ/_/ ergosphere
| "u ]

time-like limit k/ /

surface
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Calculating Hawking Radiation

via Null Geodesics

2m(v)

ds® =—(1- ydv? +2dvdr +r*(d@” +sin” &e?)

r._ﬂ_l(l_zm(v)
dv

)

ImS—Imjpr r—Idepr r—Im”—dr

_Imjj 2m(v)( dw') = 4zm(V)e

I
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Calculating Hawking Radiation
via Null Geodesics

T ~ e—ZImS _ e—87zm(v)a)

S =ar2, =4m?*(v)

dm(v) = TdS
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Calculating Hawking Radiation
via Null Geodesics

R:r—law
2

2m(Vv)

ds® = —(1- —&)dv? +2dvdR +r*(d@* +sin* Ae?)
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Calculating Hawking Radiation
via Null Geodesics

im$ = 1m | podR = Im [ [dp, R = Im [ TR

® 2dR 47m(V)
:I —d ' —
a0 e

r

_8m()

T~ e—ZImS _e (1-5)*
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Calculating Hawking Radiation
via Null Geodesics

r'=2m(v)(1+9)

'

K 1
27 8im(V)(1+6)?

T'

S'= 7" = dam> (V)(1 + &)

dm(v) = TdS
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Calculating Hawking Radiation
via Null Geodesics

If 6= rz, ,the new super-surface under
relativistic perturbation r’ =2m(v)(1+ 6 ) is exactly
the event horizon of a Vaidya black hole in the
equations’ form.

The event horizon thermodynamics is just one
of the perturbations near the apparent horizon. In
fact, Hawking radiation can be regarded as coming
from the apparent horizon.
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Black Hole and Black Body

Black Hole

U, =M T=— S, = 47M”

Black Body
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Black Hole and Black Body
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Black Hole and Black Body

T1 :Tz

du,=dU, = dM =4aT}-VvdT,

dS,=dS, C—> 8zMdM =4aT,-VdT,

e = L correct,
T consistent!
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Black Hole and Black Body

(1) Stationary black holes are not real
thermodynamic system, they can not be treated as
a usual thermodynamic system directly.

(2) Changing black holes (their quantities are
changing) are real thermodynamic system, they can
be treated as an ordinary thermodynamic system
directly.

The real black hole
thermodynamics should be
dynamical! ! !
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Hawking radiation from a stationary

black hole
- -} gm 1 L ] = = 2 1 ]
ds° = — 1 — — | dv® 4+ 2dvdr 4+ r~df2}°
r
1 a . aJ .
(V=99 ——)® = 0.
W —g dzk 99 S )
D = Lo(r.v)Yim(8. ) \/

2mY\ dp d?p 2m dp Y L1+ 1)
- 2 —|=+——|r,=0
( r ) IEI'?': + E-:IT'E}L' + -;,-2 '!SIT' |: ?13 ';r"z i| 0
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Hawking radiation from a stationary
black hole

tortoise coordinate transformation

{r,=i]n(;ﬂi’-)

"~ T
Ly — w,

r—Im 8 g Im r-2m .0 Im (l+1)
, , JS-I—? £ +[=-— ﬁ—?ﬁlfr—rg‘. + Jp—D
r(r—rg)or? o, rt r(r—rg)or, | rf r
a? d?
1 4 %
r—THg K= 57— rg = 2m. ~ + 2 =0
Ny 4am H ar2 dr,.ov,
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Hawking radiation from a stationary
black hole

out __ o —iw| Ve —27a M __ ,— iU

- . LT

] 1'- —_— = ‘q —_—

pott = e ( : o =g
. TH

Extend the outgoing wave function into the horizon by turning (- = ) angle
through the negative half complex plane

EF

r—2m—|r—2mle ™™ = (2m —r)e ™"
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Hawking radiation from a stationary
black hole

".':—]'Tﬂ-'.l.'
» . - _f2m—r
Iﬂzu-lr?, - E“.’T:I — E—l.;. _JE-t:"r':..w
' 2m

1w
Pcr'..:.i'rj_.. - I = E—i.;."..' (T T ETH)

Im

| pf':‘” uj:*r = 2 ) |2 S

| §

|peEt(r < 2m)|?
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Some properties of the tortoise
coordinate near the event horizon

m . r—2m

= S 1 2 r 1 1 1 I- v ! - ] T'.I |
dss=—|1- dv, + 2k (r —rg) 2dv,dr, =26 (r — 1) { ——— ~dv, + 2dv,dr, ;.
r 2kr(r—rg)

r—2m o , 3
ds® = dv: + 2dv.dr,. ds® = °ds”.

26r (r — )

T 1 -]
I3

ds=|., = —dv® 4+ 2dv, dr,
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Some properties of the tortoise
coordinate near the event horizon

It is obvious that the space time described by the new line
element is an asymptotic flat space time near the horizon, which
means that Schwarzschild space time is homeomorphic to an
asymptotic flat space time near the horizon. Under the condition
of near-horizon approximation, the tortoise coordinate
transformation has the same quality as the conformal
transformation has. The quality of conformal transformation is
also a special requirement for the tortoise transformation and it
guarantees that the Klein-Gordon equation can be simplified to
the standard wave equation near the event horizon.
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Dynamical tortoise coordinate
transformation

I ralu) IRE*'f'i’—'1'fr'f'*'5'
¥ —r |I.II'I'--'
L
Co P s €L
() =20 (=7 ) (B)"

a 2r(w){r—rg(v))
du, = dv.

] -| h] I L
{ r. dr + Q(r,v)dv,

Iim @Qr.v) =0

1- o a%
—rHv)
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Conformal quality of the dynamical
tortoise coordinate transformation

FII'I

. 2m (v) . o
ds” = — (1 — — j dv” 4 2dvdr.

2m (vl . ) L I
= — (1 I ) dv + 2k (v) (r — vz (v)) [2dv.dr, — 2Q(r, v)dv;]
- ) ;

L - r—2mi(v) P
= 2k(v)(r—rgiv)) {— [ ——— 4+ 2Q)(r, L!}} du, + ?du,,dr_,}

2k (v)rir—rg(v))

?1 - Eﬂ-l:- rL!.h:I N

-....E L) ; “ . _ _

dS - e s s Y 1 E{;.-_-_}'. T: 11..| dl-l* _l_ Edl’qdr,‘.
2e(v)ri(r —rg (v)) ‘
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Conformal quality of the dynamical
tortoise coordinate transformation

'Ii'hﬁ

ds® = 0*d5°

0* = 26(v)(r —rg(v)) = = \¥/-—7v)
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Hawking radiation from a Vaidya
black hole

— -+
r o2 orov A 3 72

Ii.'l

) 2 a2 9oy (3 7110
(]_Emu__l)ﬂp Eaﬁ'p L 2m( J]S'p_[?ﬂ’:l_w_ilk! 1) =0

9 1 d d d £ Q(r ) d
o &k(v)(r—rglv))or,” dv v, " B,
Lo 1 :

‘ - P w3 0 7
dr? 2k (v)(r—rg(v)) or,

& ]
o2 |2 (v)(r—rg(v))

r'i"

4+

i 1 { 5 NS

drdv  2%k(v)(r—rg(v)) [Or,0u, — Or W (v) (r—rg (v)? 262 (v)(r—ra(v)| dr,

re (v) K (v) ] d
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Hawking radiation from a Vaidya
black hole

Y2 . ;
d°p d°p dp
A— +2- +B——-Cp=10
dr? dr.ov, dr.
]"' - Em :.T-r!%:l Iy k!
"4' — y s 5 — ' 5 LB E{;_,_}I'.T' E:.II
26 (v)r(r—rg(v))
N 2r g (v) 26 (v)  2m(v) 1 r — 2m(v)
 r—rg(v) k(v 2 r—rg(v) r
L o [ 2miv) D4 1)
C = 2kiv)(r—rglv)) i
| | = L TE‘ g
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Hawking radiation from a Vaidya
black hole

Near the apparent horizon the radial equation can be written as

1 + 2k (v, ) = 0.
2 dr.ov. ' dr.
00Ut — o= (ve—2r. )+ L{v.) P o it LT, ]
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Hawking radiation from a Vaidya
black hole

The radiating particles are assumed to tunnel through the
horizon in a null radial geodesic

] - " A i
ar raglv) —2mv)

r=ve\v) Y o

du

o

2\U)
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Hawking radiation from a Vaidya
black hole

. o r— I:l:l =
.II:Il:II'.-!-.':I'-.I_., -..:I E,ir.lr.l Il.-.ll'l'l — E.!' p:l__:l._: ]:-lllrl. Tll-!-rliﬂ:l }-I_Ll.l-'ll

1
£

— . o " I:'r:l—.— P
p?% (r = Im(v)) = e=t=1 - g =17 tn( S )+ ()

outd .. - R e .
24 > 2m ) ey po )
=€ 2

|pet (r < 2m (v)))?
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