
Geodesic Deviation in Kaluza Klein Scenario

Francesco Vietri ,Valentino Lacquaniti, Giovanni Montani

July 17, 2008



0.1 Geodesic Deviation with eletromagnetic �eld

Start from the motion of a particle in an electromagnetic �eld in the scenario
of General Relativity :

DUα

Ds
=

q

m
Fαβ Uβ

Now we imagine two geodetic very close between them in a elettromagnetic
�eld: the geodetic deviation with the Elettromagnetic �eld will be the di�erence
between

DUα

Ds
=

q

m
Fαβ Uβ

and

D2 (Xα + δxα)
Ds2

=
q

m
F (Xµ + δxµ)α β

D2 (Xβ + δxβ)
Ds2

with the in�nitesimal displacement δxα

and so we have :

D2δxα

Ds2
= −RαβγλUβδxγUλ +

q

m
δxν∇ν

[
Fαβ Uβ

]
0.2 Geodesic equation in Kaluza Klein Theories

In the scenario of Kaluza Klein we calculate the geodetic using the variational
principle:

DUa

DS
= 0

after the geometrical reduction of the equation we can build the correct
motion equation:

DUγ

DS
=

U5√
1 + U2

5
Φ2

F γβ Uβ +
1

Φ3

(
UγUβ − gγβ

)
∂βΦ

(
U2

5

1 + U2
5

Φ2

)

while the �fht component give us a law of conservation along the direction
of motion

DU5

DS
= 0
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now if we take the particolar condition Φ = 1 :

DUα

Ds
=

U5√
1 + U2

5

Fαβ Uβ

and we de�ne as ratio q over m

U5√
1 + U2

5

=
q

m
≤ 1

We can rebuild the correct geodosic equation with the eletromagnetic �eld.
We want to point out that the problem of the correct ratio q over m arises

from the reparametrization factor from ds5 to ds

ω =
√

1 + U2
5 /Φ2 = ds

ds5

this factor generates the problem of the upper bound in q/m and the non con-
servation of q/m if "Φ 6= 1”.

0.3 Geodesic Deviation in Kaluza Klein Theories

Now we will take two 5-D equations geodesica very close between them and
we operate as the 4-D equations geodesica to �nd the Geodesic Deviation and
immediately we get the geometrical reduction and investigate the case Φ = 1

D2δxα

Ds2
= −RαβγλUβδxγUλ+

U5√
1 + U2

5

δxν∇ν
[
FαβUβ

]
− U5√

1 + U2
5

Fαν U
ν

(
dδx5

ds
− FµνδxµUν

)
for the �fth component we have

d

ds

(
dδx5

ds
− FµνδxµUν

)
= 0

this means :

Dδx5

Ds
− FµνδxµUν = δQ = constant

this constant represents the di�erence of charge between two charged particles
very close moving on two di�erent geodesic path

D2δxα

Ds2
= −RαβγλUβδxγUλ +

U5√
1 + U5

δxν∇ν
[
FαβUβ

]
− U5√

1 + U5

Fαν U
νδQ

de�ning : "`δQ = 0”

U5√
1 + U2

5

=
q

m

we retrieve the equation 4-D departure
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Now we investigate the case Φ 6= 1 :

D2δxα

Ds2
= −RαβγλUβδxγUλ +

U5

ω
δxν∇ν

[
FαβUβ

]
+

δxν∇ν
(
∂αΦ
Φ3

) U2
5
ω2 −

− U5
w

(
Fαν U

ν − 2U5
ω
∂αΦ

Φ

) (
dδx5
ds − 2 δx5

Φ
dΦ
ds − Φ2Fµνδx

µUν + 2U5
ω
δxρ∂ρΦ

Φ

)

Now we investigate the �fth component of the equation:

d

ds

[
U5

ω

(
dδx5

ds
− 2

δx5

Φ
dΦ
ds
− Φ2Fµνδx

µUν + 2
U5

ω

δxρ∂ρΦ
Φ

)]
= − 1

ω
/Φ

δxν∂νΦ
Φ2

dΦ
ds

As we can see in this case, we do not have the conservation of the di�erence
of charge, as we have seen before. The di�erence of charge is linked a to a
function of Φ; this problem arises from the reparametrization parameter.
Now we espress the fuction that represents the variation of the di�erence of
charge in a di�erence way:

dω

ds
= − 1

ω2

dΦ
ds

δ (ω) = U2
5
ω2

(
U5
Φ2

dδ5
ds −

U5

Φ2 δx
ν∂νΦ

)

1
ω2

δxν∂ν

Φ2
dΦ
ds =

[(
ω2)δ (

√
ω) Φ3

U2
5
−
√
ω Φ
U5

δx5
ds ]
(
d
√
ω

ds

)
Now with an obviusly generalizzation we de�ne the di�erence of charge as

δQ = U5
ω

(
dδx5
ds

δx5
Φ

dΦ
ds − Φ2

µνδx
µUν + 2U5

ω
δxρ∂ρΦ

Φ

)
d

ds
δQ =

[
ω2δ (ω)

Φ3

U2
5

− ω Φ
U5

δx5

ds
]
(
dω

ds
)
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0.4 conclusion

1. We know that for the simple case ,

”φ = 1”

we �nd an equation very similar to the equation of the 4-D scenario with
a condition that represent the conservation of di�erence of charge during
the motion, this condition is a starting condition of motion we are free to
choose every value in the idea to restore the 4-d equation we have to put
this condition equal to zero.

2. In the general case,
”‘φ 6= 1”

we have lost the conservation of di�erence of charge and we can see that
this problem is linked with problem of the de�nition of the displacement
factor between ds �ve and ds , this problem of the de�nition is orginated
from the de�niton of the equation of motion in Kaluza Klein scenario
using the variational principle and the broken of the equivalence principle
in 5-D.
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