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5D KALUZA KLEIN MODEL IN VACUUM

Starting hypotheses:

M5 = M4⊗ S1

Cylindricity: ∂5JAB = 0
J55 is a scalar

Metrics:

JAB =

 gµν− φ2(ek)2AµAν −φ2(ek)Aµ

−φ2(ek)Aµ −φ2

 (ek)2 =4G ; c=1

Invariance with respect to:{
x5′ = x5 + ekΨ(xµ)
xµ′ = xµ′(xν)

5D covariance and 5D free falling universality (FFU)

of particles are violated.
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Fields Dynamics

Action:from the reduction of S f ields = − 1
16πG5

∫
d5x
√

J R5 we get

S f ields = − 1
16πG

∫
d4x
√
−g (φR− 2�φ +

1
4
(ek)2φ3FµνFµν)

where G−1 = G−1
5

∫
dx5.

Fields Equations:

Gµν =
1
φ
∇µ∂νφ− 1

φ
gµν�φ + 8πGφ2Tµν

em

∇µ

(
φ3Fµν

)
= 0

�φ = −1
4

φ3(ek)2FµνFµν

If we put φ = 1 we recover Einstein-Maxwell dynam-

ics. Such a condition has to be imposed before the

variational procedure, otherwise we get the inconsis-

tent result FµνFµν = 0.
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THE PROBLEM OF MATTER

Ansatz

Sparticle = −m̂
∫

ds5 ds2
5 = ds2− φ2(ekAµdxµ + dx5)2

it leads to : PAPA = m̂2 PA = m̂wA.

Motion equation:

d
dsw5 = 0

D
Dsuµ = Fµνuν

 ekw5√
1+

w2
5

φ2

+ 1
φ3(uµuν− gµν)∂νφ

 w2
5

1+
w2

5
φ2


4D Dispersion relation:

PAPA = m̂2 ⇒ gµνΠµΠν = m̂2 +
P2

5
φ2

where Πµ = Pµ− ekP5Aµ.

Klein Gordon

PAPAζ = ζm̂2 ζ(xµ, x5) = η(xµ)eiP5x5

L= gµν(−i∂µ− P5ekAµ)η[(−i∂ν− P5ekAν)η]+−
(

m̂2+
P2

5
φ2

)
ηη+
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Properties of Couplings:

q = ekP5 m2 =

(
m̂2 +

P2
5

φ2

)

q2

4Gm2 =
P2

5

m̂2 +
P2

5
φ2

=
w2

5

1 +
w2

5
φ2

Consider for simplicity φ = 1:

q2

4Gm2 =
w2

5
1 + w2

5
< 1

e2

4Gm2
e
∼ 1042

Taking into account the compactification:

P5(n) = 2πn/L5 m2
(n) = m̂2 + P2

5(n)

Setting P5min = e√
4G

we get L5 ∼ 10−31 cm but values of mass are

beyond the Planck scale.

This approach is not consistent with Lorenzian dy-

namics because it provides a bounded q/m and gives

a huge massive modes spectrum.
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REVISED APPROACH TO MATTER

5∇ATAB = 0 ∂5TAB = 0

After KK reduction we get a conserved current:

5) → ∇µ

(
φTµ

5

)
= 0 → jµ = ekφTµ

5

µ) → ∇ρ(φTµρ) = −gµρ
(

∂ρφ

φ2

)
T55 + Fµ

ρjρ

For a point-like particle, after a Papapetrou expan-

sion along a 4D world line Xµ,we have:

m
Duµ

Ds
= A(uρuµ− gµρ)

∂ρφ

φ
+ qFµρuρ

m =
1
u0

∫
d3x
√

g φT00

q = ek
∫

d3x
√

g φT0
5

A = u0
∫

d3x
√

g
T55

φ

√
gφTµν =

∫
ds m δ4(x− X)uµuν

ek
√

gφTµ
5 =

∫
ds q δ4(x− X)uµ

√
gT55

φ
=

∫
ds A δ4(x− X)

The effective tensor for test particles is localized in

4D. The particle is not localized along the extra di-

mension.
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Couplings:

m and q are not correlated via P5; they are defined in

terms of independent degrees of freedom ( T00 and

T0
5 ) therefore we have no bound on q/m.

q: conserved - U(1) symmetry

A: not conserved - no symmetry requires it

m: not conserved

dm
ds

= −A
φ

dφ

ds

While in GR the single-pole equation of Papapetrou

coincides with the geodesic equation, in the 5D KK

model they are different. The reason has to be ad-

dressed to the cylindricity condition and to the vio-

lation of PE.
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Canonical Formulation

Sparticle = −
∫

m ds + q(Aµdxµ +
dx5

ek
).

where ∂µm = −A
φ ∂µφ.

Dispersion Relation:

PAPA = m2− q2

(ek)2φ2 ⇐⇒


ΠµΠµ = m2

P5 = q
ek

Πµ = Pµ− qAµ

The 4D disp.relation shows the proper mass term;

the 5D disp.relation has now a counterterm which

removes the tower of massive modes.

L = gµν(−i∂µ− qAµ)η[(−i∂ν− qAν)η]+−m2ηη+,

Charge is still quantized as consequence of compact-

ification but mass is unaffected (no link with P5 ).
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KALUZA KLEIN THEORY WITH MATTER

We consider the full dynamics of 5D Einstein equa-

tions + 5D matter tensor :

we identify

Tµν
matter = Tµνφ jµ = ekφTµ

5

and we get

Gµν =
1
φ
∇µ∂νφ− 1

φ
gµν�φ + 8πGφ2Tµν

em + 8πG
Tµν

matt
φ

∇ν

(
φ3Fνµ

)
= 4π jµ

1
2

R +
3
8

φ2(ek)2FµνFµν = 8πG
T55
φ2

arranging the last equation with the trace of the first:

�φ = −1
4

φ3(ek)2FµνFµν +
8
3

πG
(

Tmatter + 2
T55
φ

)
Note that the problem concerning φ = 1 is now re-

moved.
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Simple scenarios ( for Aµ = 0 )

�φ =
8
3

πG
(

Tmatter + 2
T55
φ

)
dm
ds

= −A
φ

dφ

ds
m

Duµ

Ds
= A(uρuµ− gµρ)

∂ρφ

φ

2T55 = −φTmatter =⇒ φ = 1, m = cost, FFU → GR

T55 = 0 =⇒ m = cost, FFU, φ variable

A = αm =⇒ FFU, φ variable, m variable:

Noticeably, if we assume A = αm we recover FFU

and we have

m = m0

(
φ

φ0

)−α
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CONCLUSIONS

• This approach offers a scenario to deal consis-

tently with particles in the framework of the

cylindrical and compactified KK model. The key

point is the extension of the cylindricity hypoth-

esis to the matter tensor, which becomes local-

ized in 4D, i.e. the test particle is not localized

in the extra dimension.

• Therefore it is possible to deal with the full the-

ory, fields + matter source terms. Next steps:

cosmological and spherical solution ( In progress...).

• Some perspectives are related to the behavior of

mass: a varying mass is interesting for various

dark matter model.

[VL,G.Montani Int.Journ.Mod.Phys.D 4, (2006) 559]

[VL,G.Montani Dynamics of Matter in a 5D compactified KK Model sub-

mitted to CQG ]

[VL,G.Montani Geometry and Matter Reduction in a 5D KK framework to

be submitted]
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S5 = − 1
16πG5

′

∫
d4x
√
−g (φR + 2∇µ∂νφ +

1
4
(ek)2φ3FµνFµν)

G5
′−1 = G5

−1
∫

dx5

G = φ−1G5
′

4G = (ek)2φ2 ⇒ ek2 =
4G0
φ2

0

q
m

= ek
w5√

1 + w2
5

φ2

⇒ q0√
4G0m0

=
w5
φ0√

1 + w2
5

φ2
0

< 1
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standard approach

In a synchronous frame, we have:

(H − ekP5A0)2 = hijΠiΠj +
(

m̂2 +
P2

5
φ2

)
where Πi = Pi − ekP5Ai and we have Πi = m̂wi, P5 = m̂w5, being
wA = dxA

ds5
. If we identify H with the time component of the

momentum we can write a 4D covariant relation which holds
in every frame:

gµνΠµΠν = m̂2 +
P2

5
φ2 ,

where Π0 = P0− ekP5A0. Finally, we can rebuild a 5D dispersion
relation: we define PA = m̂wA. It yields:

PA = (Πµ, P5)
PA = (Πµ + P5Aµ, P5)
Πµ = gµνΠν P5 = −φ2(AµΠµ + P5).

With such a definition we can reproduce the 4D relation by the
following 5D dispersion relation :

PAPA = m̂2.
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revised approach

In a synchronous frame the following formula holds:

(H − qA0)2 = hijΠiΠj + m2,

where we have

P5 = q

Πi = Pi − qAi = mui uµ =
dxµ

ds
.

Identifying the Hamiltonian with the time component of the
momentum we can rewrite the previous equation in a 4D man-
ifestly covariant expression:

ΠµΠµ = m2,

where Π0 = P0 − qA0. Finally, we can rebuild a 5D dispersion
relation: the calculus of Pµ, P5 we got from the Lagrangian,

uniquely defines a 5D vector PA such that we have:

PA = (Πµ, P5)
PA = (Πµ + P5Aµ, P5)
Πµ = gµνΠν P5 = −φ2(AµΠµ + P5).

where P5 = q, Πµ = muµ. With such a definition, previous
relations are provided by the following 5D dispersion relation :

PAPA = m2− q2

φ2


