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“ There is a great deal of activity in the field these…There is a great deal of activity in the field these g y
d b t thi ti it i i l i h i th t thdays, but this activity is mainly in showing that thedays, but this activity is mainly in showing that the 

previous activity of somebody else resulted in an error orprevious activity of somebody else resulted in an error or 
in nothing sef l or in something promising It is like ain nothing useful or in something promising. It is like a g g p g
l f i f b l b li lllot of worms trying to get out of a bottle by crawling alllot of worms trying to get out of a bottle by crawling all 

over each other It is not that the subjectis hard; it is thatover each other. It is not that the subjectis hard; it is that j ;
th d i d l h R i d t tthe good men are occupied elsewhere. Remind me not tothe good men are occupied elsewhere. Remind me not to 

”come to any more gravity conferences ”come to any more gravity conferences…

(R P F W C f 1962)(R.P. Feynman, Warsaw Conference 1962)( y , )

W i t t lk b t E i G lWe are going to talk about Energy in GeneralWe are going to talk about Energy in General 
R l ti it t i th k GR k fiRelativity: stars are in the sky, GR works fine, soRelativity: stars are in the sky, GR works fine, so 

d ti h t th blwe need a pragmatic approach to the problem.we need a pragmatic approach to the problem.



DyadoregionDyadoregionDyadoregionDyadoregionDyadoregionDyadoregiony gy g

Hi t leo eHic sunt leones



R iR i N tN t ((R ffi iR ffi i tt l )l )ReissnerReissner--NorstromNorstrom ((RuffiniRuffini etet al )al )ReissnerReissner NorstromNorstrom ((RuffiniRuffini etet al.)al.)(( ))



l f iTotal energy of pairsTotal energy of pairsgy p



KerrKerr NewmanNewman: regular: regular chargedcharged andand rotatingrotatingKerrKerr--NewmanNewman: regular : regular chargedcharged and and rotatingrotatinggg gg gg
t tit ti dd i t ii t i bl kbl k h lh lstationarystationary andand axisymmetricaxisymmetric blackblack holeholestationarystationary and and axisymmetricaxisymmetric blackblack holehole..yy yy

Boyer-Lindquist coordinates signature (+ - - -)Boyer-Lindquist coordinates, signature (+,-,-,-)



R idR id R iR i ff QFT idQFT idRapidRapid ReviewReview ofof QFT sideQFT sideRapidRapid ReviewReview ofof QFT sideQFT side

Starting point: QED in external electromagnetic fieldsStarting point: QED in external electromagnetic fieldsStarting point: QED in external electromagnetic fields     
(i EM fi ld i d)(i e EM field not quantized)(i.e. EM field not quantized)

If a constant decay rateIf a constant decay rate
f thElectric field only of the vacuum Electric field only  

is present per unitis present per unit 
lvolume

f b hIf both constant  
Electric andElectric and 

Magnetic fields are ag et c e ds a e
presentpresent 

(Schwinger)(Schwinger)

It can beIt can be 
convenient to go toconvenient to go to 

th CF b t ththe CF, but the 
final result isfinal result is 
expressed inexpressed in 

terms of Maxwellterms of Maxwell 
invariantsinvariants.



Let’s compute DyadoRegion fast (Newman Penrose)Let’s compute DyadoRegion fast (Newman-Penrose).p y g ( )

Electrovac Petrov type DElectrovac Petrov type Dyp
(I) Maxwell(I) Maxwell 
I i tInvariants a a s
in NP formin NP form

(II) Parallel(II) Parallel 
fields f amefields frame 

(Carter Frame)(Carter Frame)

(III)(III) 
Dyado-Dyado

i KNregion KNg



(Damour Ruffini ’70s)(Damour Ruffini 70s)

Outside theOutside the 
outer horizonouter horizon 
for positivefor positive 

chargecharge

Let’s introduce Kerr Schild coordinates (quasi cartesian)Let s introduce Kerr-Schild coordinates (quasi-cartesian)(q )



Ordinary spherical coords Kerr Schild coordsOrdinary spherical coords Kerr-Schild coords.





hWhenWhen 
does thedoes the 
“torus”torus  to us
exist?exist?exist?



Th “d d t ” b i li d 2 di i l f f l tiThe “dyadotorus” can be visualized as a 2-dimensional surface of revolution y
around the rotation axis embedded in the usual Euclidean 3-space byaround the rotation axis embedded in the usual Euclidean 3 space by 

i th t l d i th l d dsuppressing the temporal and azimuthal dependence.pp g p p

Thi d fThis procedure of 
embedding is done inembedding is done in 

t tb k fevery textbooks of y
GR for SchwarzschildGR for Schwarzschild 

l tisolution. 

Boyer Lindquist coordinatesBoyer-Lindquist coordinates





Here the problem of the energy inside theHere the problem of the energy inside theHere the problem of the energy inside the Here the problem of the energy inside the p gyp gy
to s comes no o stated mo e simplto s comes no o stated mo e simpl hathattorus comes now, or stated more simply:torus comes now, or stated more simply: whatwhattorus comes now, or stated more simply: torus comes now, or stated more simply: what what 
i h i id ( ) fi ii h i id ( ) fi i i d ii d iis the energy inside (??!) a finiteis the energy inside (??!) a finite--sized regionsized regionis the energy inside (??!) a finiteis the energy inside (??!) a finite sized region sized region 

??around a KN black holearound a KN black hole??around a KN black holearound a KN black hole? ? 
L t’ t d th G it ti l M fLet’s study the Gravitational Mass of an y o o
th ti ll fl t ti i it T t l Easympthotically flat spacetime i.e. its Total Energy.asympthotically flat spacetime i.e. its Total Energy.

We follow the mathematics of:We follow the mathematics of:

Bardeen Carter and HawkingBardeen, Carter and Hawking

“The four laws of black hole mechanics”The four laws of black hole mechanics

Commun Math Phys 31 p 161 (1973)Commun. Math. Phys. 31, p. 161 (1973)



(K I t l)(Komar Integral)( g )



Th d i dTh d i d t dt d ttThe domain underThe domain under examexam extendsextends totoThe domain under The domain under examexam extendsextends toto
i fi ii fi i (( flfl ii ))infinityinfinity ((toto flatflat spacetimespacetime)!)!infinityinfinity ((toto flatflat spacetimespacetime)!)!infinityinfinity ((toto flatflat spacetimespacetime)!)!





’ b k h i h l illiLet’s come back to the azimuthal Killing VectorLet s come back to the azimuthal Killing Vector



L t’ bi th t K I t lLet’s combine these two Komar IntegralsLet s combine these two Komar Integrals



Final result for the integral mass formulaFinal result for the integral mass formulag

BH ang VelocBH ang. Veloc.

Surface grav.Surface grav.

Hor areaHor. area

Not very transparent physically but one can rearrange termsNot very transparent physically but one can rearrange terms…

N t i K E M t i i th fNote: in Kerr E-M tensor is zero, i.e.the surfaceNote: in Kerr E M tensor is zero, i.e.the surface 
t t b t k l t i fi it d Mmust not be taken necessarly at infinity…and Massmust not be taken necessarly at infinity…and Mass 

i b d (h l hi )is a boundary term (holographic term)is a boundary term (holographic term)



F K N Bl k h lFor a Kerr-Newman Black holeFor a Kerr Newman Black hole

Rearranging terms one can obtain more transparently:Rearranging terms one can obtain more transparently:



What can we do if we are interested in having the MassWhat can we do if we are interested in having the Mass 
(or the energy) inside a finite sized portion of(or the energy) inside a finite sized portion of 

spacetime ? For example inside the dyadotorus seenspacetime…? For example inside the dyadotorus…seen 
by a local observer or from infinityby a local observer or from infinity…

The Problem now is toThe Problem now is to 

localize energy in a finite sized regionlocalize energy in a finite-sized regionlocalize energy in a finite sized region
i l di th bl k h l (i t t f BHincluding the black hole…(important for BHincluding the black hole…(important for BH 

th d i f i l R l ti it )thermodynamics, or for numerical Relativity,…)thermodynamics, or for numerical Relativity,…)



ThTh d fi itid fi iti ff M(R)M(R) ii blblTheThe definitiondefinition ofof M(R)M(R) isis aa problemproblemThe The definitiondefinition ofof M(R) M(R) isis a a problemproblem( )( ) pp
((exceptexcept inin sphericalspherical simmetrysimmetry wherewhere((exceptexcept inin sphericalspherical simmetrysimmetry wherewhere((exceptexcept in in sphericalspherical simmetrysimmetry wherewhere

hh thth MiMi ShSh ))wewe havehave thethe MisnerMisner--SharpSharp massmass))wewe havehave the the MisnerMisner SharpSharp massmass).).pp ))
ii l lil li iiWeWe areare tryingtrying toto localizelocalize energyenergy ininWeWe areare tryingtrying toto localizelocalize energyenergy ininWeWe are are tryingtrying toto localizelocalize energyenergy in in 

GRGR butbut wewe knowknow fromfrom thetheGRGR butbut wewe knowknow fromfrom thetheGR, GR, butbut wewe knowknow fromfrom the the 
E i lE i l P i i lP i i l th tth t thithi iiEquivalenceEquivalence PrinciplePrinciple thatthat thisthis isis aaEquivalenceEquivalence PrinciplePrinciple thatthat thisthis isis a a qq pp

unnaturalunnatural operationoperation ((wewe cancan removeremoveunnaturalunnatural operationoperation ((wewe cancan removeremoveunnaturalunnatural operationoperation ((wewe can can removeremove
l ll l ff tff t ff itit ii i fi flocallocal effecteffect ofof gravitygravity goinggoing in a freein a freelocallocal effecteffect ofof gravitygravity goinggoing in a free in a free g yg y g gg g

f llif lli f )f )fallingfalling frame)frame)fallingfalling frame)…frame)…a ga g a e)a e)
WeWe needneed ““QuasilocalQuasilocal QuantitiesQuantities””WeWe needneed QuasilocalQuasilocal QuantitiesQuantities ..WeWe needneed QuasilocalQuasilocal QuantitiesQuantities ..



Quasilocal (TOTAL) energy is an openQuasilocal (TOTAL) energy is an openQuasilocal (TOTAL) energy is an openQuasilocal (TOTAL) energy is an openQuasilocal (TOTAL) energy is an open Quasilocal (TOTAL) energy is an open Q ( ) gy pQ ( ) gy p
bl M lt lid ibl M lt lid iproblem Many results are valid inproblem Many results are valid inproblem. Many results are valid in problem. Many results are valid in p yp y

specific coordinates systems whichspecific coordinates systems whichspecific coordinates systems, whichspecific coordinates systems, whichspecific coordinates systems, whichspecific coordinates systems, which
l l i t l lt 4 GRl l i t l lt 4 GRclearly is an unnatural result 4 GRclearly is an unnatural result 4 GRclearly is an unnatural result 4 GR.clearly is an unnatural result 4 GR.yy
h l d fi i fh l d fi i fThere are plenty definitons of Mass:There are plenty definitons of Mass:There are plenty definitons of Mass:There are plenty definitons of Mass:There are plenty definitons of Mass:There are plenty definitons of Mass:
Bondi Komar Penrose ADMBondi, Komar, Penrose, ADM,Bondi, Komar, Penrose, ADM, 

H d H ki B Y kHayward Hawking Brown-YorkHayward, Hawking, Brown-York, y , g, ,
MTW Misner Sharp >∞MTW, Misner-Sharp,->∞MTW, Misner Sharp, >∞

No one is completely satisfactory see:No one is completely satisfactory… see:p y y
On LivingOn Living 
ReviewsReviews



WW ’’llll bb i t t di t t d ii h i lh i l llWeWe’’llll bebe interestedinterested inin mechanicalmechanical energyenergy onlyonlyWeWe llll bebe interestedinterested in in mechanicalmechanical energyenergy only…only…
wewe followfollow KatzKatz LyndenLynden BellBell andand BicakBicakwewe followfollow KatzKatz,, LyndenLynden--BellBell andand BicakBicakwewe followfollow KatzKatz, , LyndenLynden BellBell and and BicakBicak

““GravitationalGravitational energyenergy inin stationarystationary spacetimesspacetimes””GravitationalGravitational energyenergy in in stationarystationary spacetimesspacetimesgygy yy pp
ClCl Q tQ t 23 7111 (2006)23 7111 (2006)ClassClass QuantQuant gravgrav 23 p 7111 (2006)23 p 7111 (2006)ClassClass QuantQuant gravgrav 23, p.7111 (2006)23, p.7111 (2006)



FF G ’ ThG ’ Th thi lt ithi lt iFromFrom Gauss’ TheoremGauss’ Theorem this result isthis result isFrom From Gauss  TheoremGauss  Theorem this result is this result is 
independent from the cut iffindependent from the cut iffindependent from the cut iffindependent from the cut iffindependent from the cut iff independent from the cut iff 

4 “ i ” t 1 t “ d tit ” ( Ch )4 a “generic” cut, 1 gets a “conserved quantity” (a Charge)4 a generic  cut, 1  gets a conserved quantity  (a Charge)

Thi i h t R ffi i d Vit liThis is what Ruffini and VitaglianoThis is what Ruffini and Vitagliano 
did in their articlesdid in their articles.did in their articles.



There are various cases in which theThere are various cases in which theThere are various cases in which the There are various cases in which the 
di i ( b “ d ” ithdi i ( b “ d ” ithdivergence is zero (observers “made” withdivergence is zero (observers “made” withdivergence is zero (observers made  with divergence is zero (observers made  with 

Killing vectors)Killing vectors)Killing vectors).Killing vectors).Killing vectors).Killing vectors).
I K d K N i BIn Kerr and Kerr Newman in Boyer-In Kerr and Kerr Newman in Boyer

Lindq ist coords taking t const slices asLindquist coords, taking t=const slices asLindquist coords, taking t const slices as 
the cut as an examplethe cut, as an example., p

1 if ξ is the not normalized Killing vector1. if ξ is the not normalized Killing vector1. if ξ is the not normalized Killing vector 
(“ b ”)(“no observer”)( no observer ).( )

2 if ξ is the normalized Killing vector2. if ξ is the normalized Killing vector ξ g
(St ti b d ti )(Static observer non geodetic)(Static observer, non geodetic)

3 if ZERO l t b3 if ξ is ZERO angular momentum obs3. if ξ is ZERO angular momentum obs. g
(ZAMO non geodetic)(ZAMO, non geodetic)(ZAMO, non geodetic)



All th b hAll th b h blbl ttAll these observers haveAll these observers have problemsproblems atatAll these observers have All these observers have problemsproblems at at pp
certain distance Static dies atcertain distance Static dies atcertain distance. Static dies atcertain distance. Static dies atcertain distance. Static dies at certain distance. Static dies at 

h hil ZAMO t h ih hil ZAMO t h iergosphere while ZAMO at horizonergosphere while ZAMO at horizonergosphere, while ZAMO at horizon. ergosphere, while ZAMO at horizon. g p ,g p ,
B h i i fi i hB h i i fi i hBoth give infinite energy somewhereBoth give infinite energy somewhereBoth give infinite energy somewhere…Both give infinite energy somewhere…Both give infinite energy somewhere…Both give infinite energy somewhere…

t const c t Finite Res ltt=const cut. Finite Result,t const cut. Finite Result,  

but “not an observer”but not an observer …



We need an observer which arrives all wayWe need an observer which arrives all way y
d t th h i b th d d tdown to the horizon, because the dyadotorusdown to the horizon, because the dyadotorus 

intersects both horizon and ergosphereintersects both horizon and ergosphere. g

L t’ d ti b i DLet’s use geodetic observers in Doran-Let s use geodetic observers in Doran
Painleve’-Gullstrand like horizon penetratingPainleve -Gullstrand like horizon penetrating 

coordinatescoordinates



h h d ?h h d ?What are these coordinates?What are these coordinates?What are these coordinates?What are these coordinates?What are these coordinates? What are these coordinates? 
Let’s see the simple a 0 caseLet’s see the simple a 0 caseLet’s see the simple a=0 caseLet’s see the simple a=0 caseLet s see the simple a 0 case.Let s see the simple a 0 case.pp

i h i d bT is the proper time as measured by aT is the proper time  as measured by a p p y
f f lli b t ti f t tfree falling observer starting from rest atfree falling observer starting from rest at 
infinity and and moving radially inwardinfinity and and moving radially inwardinfinity and and moving radially inward
Regular Metric constant Lapse No stretched horizonRegular Metric, constant Lapse, No stretched horizon 

anymore!!! Very useful in numerical relativity PGanymore!!! Very useful in numerical relativity. PG 
naturally appears in acoustic black holes deep thing!naturally appears in acoustic black holes…deep thing!



Energy density in KNEnergy density in KNgy y

Quasilocal mechanical energy (T=const cut)Quasilocal mechanical energy (T=const cut)

To oid i te tio t o ble e o i te theTo avoid integration troubles we appoximate the g pp
i t ti d i ith t t lli idintegration domain with a r= constant ellipsoid teg at o do a t a co sta t e pso d

hi h t i th iwhich contains the ergoregionwhich contains the ergoregion



PainPain.
GullGull.

But our T=constant cut for this PG machinery gives:But our T=constant cut for this PG machinery gives:

Which COINCIDES WITHWhich COINCIDES WITHWhich COINCIDES WITH

hi h i h f l d i(Boy Lindq) which appears in the mass formula and in (Boy.Lindq) pp
Ruffini-Vitagliano’s workRuffini-Vitagliano s work.



SSSummarizingSummarizingSummarizingSummarizingSummarizingSummarizing
• IN BOYER-LINDQUIST COORDS THE NON NORMALIZED TIME• IN BOYER LINDQUIST COORDS, THE NON NORMALIZED TIME 

KILLING VECTOR (Vit li R ffi i) GIVES A FINITE CONSERVEDKILLING VECTOR (Vitagliano-Ruffini) GIVES A FINITE CONSERVED ( g )
QUANTITY BUT THIS “MECHANICAL ENERGY” IS MEANINGFUL ATQUANTITY, BUT THIS MECHANICAL ENERGY  IS MEANINGFUL AT 

SPATIAL INFINITY ONLY IT’S NOT A QUASILOCAL CONCEPTSPATIAL INFINITY ONLY, IT’S NOT A QUASILOCAL CONCEPT. , Q

•IN BOYER-LINDQUIST COORDS, NON GEODESIC OBSERVERSIN BOYER LINDQUIST COORDS, NON GEODESIC OBSERVERS   
GIVES A CONSERVED QUANTITY WHICH HOWEVERGIVES A CONSERVED QUANTITY WHICH HOWEVER 

DIVERGES SOMEWHERE CLOSE TO THE BH: IT’S A QUASILOCALDIVERGES  SOMEWHERE CLOSE TO THE BH: IT S A QUASILOCAL 
ENERGY BUT NOT GLOBALLY WELL DEFINEDENERGY BUT NOT GLOBALLY WELL  DEFINED.

•IN HORIZON PENETRATING COORDINATES (P-G) A GEODESIC ( )
OBSERVER (with T=const cuts) GETS A QUASILOCAL ENERGYOBSERVER (with T=const cuts) GETS A QUASILOCAL ENERGY 
(WELL DEFINED EVERYWHERE) WHICH IS NOT A CONSERVED(WELL DEFINED EVERYWHERE) WHICH IS NOT A CONSERVED 

CHARGE BUT AT INFINITY GIVES THE MASS FORMULA RESULTCHARGE BUT AT INFINITY GIVES THE MASS FORMULA RESULT.

We consider the energy measured by this observerWe consider the energy measured by this observer 
t bl il l hi h i thas an acceptable quasilocal energy which gives the p q gy g

correct whole spacetime limit! This result is thecorrect whole spacetime limit! This result is the 
same as Ruffini-Vitagliano’s onesame as Ruffini Vitagliano s one

W tl d fi f thi bWe can consequently define for this observer:q y



Extreme highly rotatingExtreme highly rotating 
Kerr-Newman BlackKerr-Newman Black 

hole and (non extreme)hole and (non extreme) 
Reissner NordstromReissner-Nordstrom 

both withboth with

xi=Q/ M =1 3 x 10E 4xi=Q/ M =1.3 x 10E-4   Q
and 10 solar massesand 10 solar masses.

Notice: KN is moreNotice: KN is more 
compact becausecompact because p

horizon is smaller thanhorizon is smaller than 
RN (around a half!)RN (around a half!).( )



Concluding RemarksConcluding RemarksConcluding RemarksConcluding RemarksConcluding RemarksConcluding Remarksgg
KerrKerr--Newman black hole can be a very compactNewman black hole can be a very compactKerrKerr--Newman black hole can be a very compact Newman black hole can be a very compact 

source for possible QED process “a la Damoursource for possible QED process “a la Damoursource for possible QED process a la Damour source for possible QED process a la Damour 
Ruffini” but with respect to ReissnerRuffini” but with respect to Reissner--NordstromNordstromRuffini  but with respect to ReissnerRuffini  but with respect to Reissner Nordstrom Nordstrom 
we’ll have much more complications:we’ll have much more complications:we ll have much more complications:we ll have much more complications:

( i l i i iMHD (particles moving in rotating (p g g
EM fields)EM fields)

GWS ( h i l iGWS (non spherical pair ( p p
production)production)

BACKREACTIONBACKREACTION

AND DYNAMICAL SPACETIMESAND DYNAMICAL SPACETIMES

NO KERR-NEWMANNO KERR NEWMAN 
PERTURBATION THEORY!!!PERTURBATION THEORY!!!  

H b liHere be lions,Here be lions, 
really!!!really!!! 


