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Find a unique framework which phenomeno-
logically describes the effective Friedmann dy-
namics of LQC and braneworlds scenario. De-
formed minisuperspace (Heisenberg) algebra
which is related to the k-Pincaré one. This
way, a non-trivial link between these theories
is founded from a low energy perspective.
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I. Deformed quantum mechanics

Deformed Heisenberg algebra such that:
(i) No deforms rotation and translation groups
(ii) Ordinary Lie one is recovered in a limit

i6;;/1+ap? p2=pp (1)
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Generators of rotation group

Ji; = > (qug quz) (2)

In 3-dim:
J € SU(2), I, q;j] = iepar, IS, Pl = ieijipPk

No sign in (1) is selected at all by the
assumptions

Algebra (1) can be obtained considering:

- q as a suitably k-deformed Newton-Wigner
position operator

- p, J as the generators of translations and
rotations of x-Poincaré algebra



1-dim:

[q, p] = i\/1 + ap? (3)
p € R in the (4)-sector
p€eI(—1/\/a,1/y/a) in the (—)-sector

Representation algebra: momentum space

pyY(p) = pyY(p) (4)
av(p) = iV1+ap2au(p)

Hilbert spaces p, q self-adjoint operators:

Fi =17 (R(I), dp/y/1 + ozpz) (5)

Hilbert spaces unitarily inequivalent =
different physical predictions

For & — 0 the ordinary one L2(R,dp) is re-
covered in both the cases



: : p2 1. 29
Harmonic oscillator: 'H = 5— + 5mw=<q

Considering the above representation (4)

(H—E)¥(p) =0 (6)

Mathieu equation = ¥ (p) in terms of Math-
ieu cosine and sine

Spectrum at the lowest order (y/a/d < 1):

_ v W 2 @
E, = 5(2n—|— 1) :tg(Qn +2n+41) <d_2) (7)

Characteristic length scale d =1/y/muw

qu_) corresponds to the spectrum of the
h.o. In polymer quantum mechanics

EST) spectrum of GUP ([q,p] = i(1 + 8p2))



II. Deformed FRW dynamics

The FRW cosmological models
dr?

1 — kr?

N = N(t) is the lapse function

a = a(t) the scale factor

ds? = —NZ2dt? + a? ( + 7~2d§22> (8)

Isotropy: phase space of GR 2-dim
I_ — (aapa)

Scalar constraint:

271G p2 3 3
H=— - k =0 (9
3 o sagit T (©)

p = p(a) denotes a generic energy density

p ~ 1/a%* ultra-relativistic gas
p~ 1/a° perfect gas
p ~ const cosmological constant



Extended Hamiltonian:
271G _p? 3
Hp = N=4
B 3 a +87r
A IS a Lagrange multiplier
m momenta conjugate to NN, i.e. it vanishes

Nak — Na3p+ X r (10)

Equations of motion:

N={N,Hg}=)X, =w={mHg}=H (11)

Primary constraint m = O satisfied at all times
= scalar (secondary) constraint t ="H =20

Dynamics of coordinate ¢ and momenta
pe depends on the symplectic structure

If {a,pe} = 1 we obtain Friedmann equation
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a 8nG k
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Modified symplectic geometry

Parameter o independent with respect h

—ila,pl = {@,p}a = V1t ap?®  (13)

Deformed Poisson bracket:

(F,G}a = {F,G}{q,p}a = {F,G}\/1 + ap?
(14)
This is anti-symmetric, bilinear and satisfies
the Leibniz rules as well as the Jacobi identity

Time evolution of ¢, p with respect to 'H

¢ = {¢,H}a= a—H\/l + ap? (15)

p = {p,H}a———Vliap



FRW deformed phase space

Fundamental commutator:

{a,pata = \/1 % ap? (16)
Equation of motion with respect to Hg
: 4G
a={aHpla=—N12ap?  (17)
2nGp 3
= {pa, Hp}a =N | "% -~
@ = {Pa; Mo < 3 a2 8rG

Deformed Friedmann equation

= (O ) [ 2 (0 2]
3 a? 27 8rG

(19)




FRW flat (k = 0) model

critical density pqrit = (271G /3a)pp.

We have assumed the existence of a funda-
mental scale, i.e. p < perit

For a — O, p.rit — 00 = ordinary behavior
(—)-equation equivalent to LQC
(4+)-equation equivalent to braneworlds

The (—) sign implies a bouncing cosmology,
while with the (4) one a can not vanish

A (—)-braneworlds scenario appears if the extra-
dimension is time-like (open question)



ITI. Deformed uncertainty principle

Uncertainty principle related to (16)

2 1/2
1 (1 + a(pa) N a)

NAa = —
2

(Bpa)? (21)

For Apa > (Apa)* = /(1 + a(pa)) /o
minimal uncertainty in the scale factor

Aag = /a/2

Brane-framework, (4 )-sector: Aag # O is
a global minimum (No physical states which
are position eigenstates exist at all)

LQC-framework, (—)-sector: Aag =0 ap-
pears for Apg, = (Apg)* x 1/4/a, i.e. when
the deformation energy is reached



IV. Discussion and conclusions

A uniqgue framework which phenomeno-
logically describes both the effective Fried-
mann evolution of LQC and branewords
models is obtained by the use of a de-
formed Heisenberg algebra.

The algebra leaves undeformed the trans-
lation group and preserves the rotational
invariance. Furthermore is related to the
k-Poincaré one and no sign in the defor-
mation term is selected at all.

The brane-deformed scenario is such that
a minimal uncertainty in the scale factor
appears. On the other hand, in the loop
one, we have the vanishing uncertainty
when the deformed energy is reached.



