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Motivation

Einstein's theory is a theory of gravity

R�� �
1
2

g�� R = 8 �GT �� :

Compact astrophysical objects (Earth, Sun, neutron stars, etc.) posses:
Rotation
Near spherical symmetry
Electromagnetic �eld

How to describe the gravitational �eld of compact astrophysical bodies in
Einstein's theory ?
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Introduction

According to Einstein's equations! There are 4 problems:
Exterior �eld:

1. Vacuum �eld (neglecting the electromagnetic �eld):

R�� = 0

2. Electrovacuum �eld:

R�� = 8 �G
�
F�� F �

� �
1
4

g�� F�� F ��
�

; F�� = Faraday tensor

Interior �eld:
3. Neglecting the electromagnetic �eld:

R�� �
1
2

g�� R = 8 �G T �� (�; p ) ;

� (x � ) = density,p(x � ) = pressure.
4. With electromagnetic �eld:

R�� �
1
2

g�� R = 8 �G T �� (�; p; Q ) ;

Q(x � ) = charge distribution.() July 12, 2009 4 / 21



Introduction

Answer:

1. It is possible to solve the vacuum and electrovacuum problems, under
the assumptions:

The �eld is stationary (independent of time, rotation allowed)

The distribution of mass and charge is axisymmetric (nearly
spherically symmetric)

2. Preliminaries about interior solutions
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Generalized Kerr-NUT-Newman spacetimes

Line element in prolate spheroidal coordinates(t; '; x; y ):

ds2 = f (dt � !d' )2 �

�
� 2

f

�
e2
 (x2 � y2)

�
dx2

x2 � 1
+

dy2

1 � y2

�
+ ( x2 � 1)(1 � y2)d' 2

�

Metric functions : f = f (x; y; ~Pn ); ! = ! (x; y; ~Pn ); 
 = 
 (x; y; ~Pn )

Parameters: ~Pn = ( M n ; Jn ; Qn ; Bn ); n = 0 ; 1; 2; :::

M n = mass moments (gravitoelectric)
Jn = angular momentum moments (gravitomagnetic)
Qn = electric moments
Bn = magnetic moments

{ Ref: Quevedo-Mashhoon, Phys. Rev. D43, 3902 (1991); generated by
HKX transformations or BZ inverse scattering method plus electrovacuum
linear transformations [Quevedo, Phys. Rev. D,45 1174 (1992)]
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Ernst potentials

(�� � � FF � � 1)4 � = 2( � � r � � F � rF )r � ;

(�� � � FF � � 1)4F = 2( � � r � � F � rF )rF

� =
1 � f � i 

1 + f + i 


; F = 2
�

1 + f + i 

; 
 = 
( ! ) ; � = �( A t ; A ' )

� =
(a+ + ib+ )e2�  ̂ + a� + ib�

(a+ + ib+ )e2�  ̂ � a� � ib�
(1 � e2

0 + g2
0)1=2 ;  ̂ =

X
qnPn (y)Qn (x)

� =
e0 + ig0

1 + �
; e0 = const ; g0 = const ; � = const

a� = ( x � 1)� � 1[x(1 � �� ) � (1+ �� )] ; b� = ( x � 1)� � 1[y(� + � ) � (� � � )]

� = � 1(x2 � 1)1� � (x + y)2� � 2e2�
P

qn � n � ;

� = � 2(x2 � 1)1� � (x � y)2� � 2e2�
P

qn � n +
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Special case: Kerr metric with arbitrary quadrupole

Properties: Free parameters ( M; a; q)

Asymptotically 
at

Free of conical singularities on the axis(y = 1)

For M = 0 ; a 6= 0 ; q 6= 0 ! 
at spacetime

For a = 0 = q ! Schwarzschild metric

For a = 0 ; q 6= 0 ! Erez-Rosen metric

For a 6= 0 ; q = 0 ! Kerr metric
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Relativistic invariant Geroch-Hansen moments

For m2 � a2 � 0:

M 2k+1 = J2k = 0 ; k = 0 ; 1; 2; :::

M 0 = M ; M 2 = � Ma2 +
2
15

qM 3
�

1 �
a2

M 2

� 3=2

; :::

J1 = Ma ; J 3 = � Ma3 +
4
15

qM 3a
�

1 �
a2

M 2

� 3=2

; ::::
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Exterior approximate solution

f = f 0 + f 1 + f 2 + O(a3; q2) � f HT ! = ! 0 + ! 1 + ! 2 + O(a3; q2) � ! HT


 = 
 0 + 
 1 + 
 2 + O(a3; q2) � 
 HT

Ref: D. Bini, A. Geralico, O. Luongo, H. Quevedo (2009)
[See Bini's talk]

Consequently, it coincides with the exterior Hartle-Thornesolution which is
equipped with aninterior singularity-free solution!!

Conclusion: The solution describes the exterior gravitati onal �eld of
rotating astrophysical compact bodies with arbitrary sets of
gravitational and electromagnetic multipole moments !!!
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Can it be matched to an exact interior solution?

m = m(x; y; m0; m1); J = J (x; y; j 0; j 2); Q = Q(x; y; q0; q2)

! � = � (x; y); p = p(x; y)

Numerical preliminaries:� and p are well behaved andgint can be
matched.

Where should it be matched?
Work in progress in collaboration with R. Kerr, O. Luongo andR. Ru�ni
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Zipoy-Voorhees metric

Static axisymmetric spacetime :

f =
�

x � 1
x + 1

� �

; ! = 0 ; e2
 =
�

x2 � 1
x2 � y2

� � 2

; � = const:

In spherical coordinates:

x =
r
m

� 1 y = cos �

ds2 =
�

1 �
2m
r

� �

dt2 �
�

1 �
2m
r

� 1� �

�

" �
1 +

m2 sin2 �
r 2 � 2mr

� 1� � 2  
dr2

1 � 2m
r

+ r 2d� 2

!

+ r 2 sin2 �d' 2

#

For � = 1 �! Schwarzschild metric !!!
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Zipoy-Voorhees metric

Physical interpretation: (n = 0 ; 1; 2; ::)
Invariant multipole moments (Geroch-Hansen:M n ; Ehlers:Nn )

M n = Nn + Rn

Nn = Newtonian moments ; Rn = relativistic contribution

M 0 = N0 = �m ; M 1 = N1 = 0 ; M 2 =
�
3

m3(1 � � 2) ; N2 = 0 !!

Gravitational �eld of a mass M 0 with a pure relativistic M 2 = R2

quadrupole. No Newtonian analog!!!

Let � = 1 + q, then q = 0 �! Schwarzschild

M 0 = (1 + q)m ; M 2 = �
m3

3
q(1 + q)(2 + q)
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Kretschmann invariant

Zipoy-Voorhees:

K = R���� R���� =
16m2(1 + q)2

r 4(2+2 q+ q2 )

(r 2 � 2mr + m2 sin2 � )2(2q+ q2 )� 1

(1 � 2m=r)2(q2+ q+1)
L(r; � )

L (r; � ) = 3( r � 2m � qm)2(r 2 � 2mr + m2 sin2 � )

+ q(2 + q) sin2 � [q(2 + q) + 3( r � m)( r � 2m � qm)]

Schwarzschild:

K (q = 0) =
48m2

r 6

Then:
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Singularities

Black hole Naked singularities

q = 0 q 2 [� 1 �
p

3=2]nf 0g � 0 q outside

Horizon is always singular !!!
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Radial infalling particles: E�ective potential

Black hole Naked singularity

q = 0 q = � 2; (q < � 1)
negative mass ... ?
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Curvature eigenvalues

Black hole Naked singularity

The size of the body(Rmin ) should be related to the interior solution!
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Interior Zipoy-Voorhees metric: Perfect 
uid

Metric:

ds2 = fdt 2 �
e2
 0

f

�
dr2

h
+ d� 2

�
�

� 2

f
d' 2

e2
 0 = ( r 2 � 2mr + m2 cos2 � )e2
 (r;� ) ; h = r 2 � 2mr

f = f (r; � ) ; � = � (r; � )

Let � = const and matching with exterior ZV withq = 9 :

Pressure Curvature eigenvalue
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Matching eigenvalues

Interior singularity-free solution Exterior naked singul arity

Proposal: Rmin is determined by the �rst local maximum of the
curvature eigenvalues !!!
For q = 9 :

Rmin � 16M 0
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Kerr-Newman naked singularities

Reissner-Nordstr•om:

Rmin = 2
Q2

M
Kerr: (on the axis)

Rmin = (1 +
p

2)a

Kerr-Newman: (on the axis)

mr 4 � 2Q2r 3 + 2a2Q2r � 6ma2r 2 + ma4 = 0

[See Luongo's talk]

Maximum gravitational binding energy: / 1=Rmin .
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Conclusions

The generalized Kerr metric with gravitational and electromagnetic
multipole moments describes the exterior �eld of rotating deformed
compact objects

There exist approximate and exact (numerical) solutions with
quadrupole moment

A minimum radius of compact objects can be obtained from the
matching conditions

The maximum gravitational binding energy of compact objects can be
determined
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