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Ultraviolet Divergences
and 

Scale-Dependent Couplings
in Quantum Gravity



Perturbative Quantum Gravity
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Non-Renormalizability in Four Dimensions
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4-d perturbation theory in (ordinary) gravity 
seemingly leads to a dead end .

I  = 

= (string) UV cutoff

For a recent overview, see H.H. “Quantum Gravitation” (Springer Tracts in Modern Physics, 2009)
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Rescale metric (or edge lengths):
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Pure gravity covariant Feynman path integral :

� � * ����!� 
 � � �� 
 � ��� � � � � � �

Path Integral for Gravitation

[ H.H., Les Houches lectures1984 ]



Perturbatively Non-Renorm. Interactions
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• K.G. Wilson, Quantum Field Theory Models in d < 4, PRD 1973. 

• G. Parisi, Renormalizability of Not Renormalizable Theories, LNC 1973.

• G. Parisi, Theory of Non-renormalizable Interactions - Large N,  NPB 1975.

• K. Symanzik, Renormalization of Nonrenormalizable Massless � �7�7�7�7Theory, CMP 1975.

• E. Brézin and J. Zinn-Justin, Nonlinear � Model in 2+� Dimensions, PRL 1976.
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Gravity in 2.000001 Dimensions
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G is dim-less, so theory is now perturbatively renormalizable
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(two loops, manifestly covariant, 
gauge independent …)

�]
A phase transition

0=sn
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with non-trivial UV fixed point :
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2.000001 dimensions – cont’d



Detour : Non-linear Sigma model

1 Field theory description of � � � � Heisenberg model :

Coupling becomes dimensionless in d = 2. For d > 2 theory is not 
perturbatively renormalizable, yet in the 2+ � expansion one finds:

Phase Transition  =   non-trivial  UV fixed point;  new non-perturbative mass scale :

E. Brezin J. Zinn-Justin 1975
F. Wegner, 1989
N.A. Kivel et al, 1994
E. Brezin and S. Hikami, 1996
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Experimental test: O(2) non-linear sigma model describes
the phase transition of superfluid Helium

Space Shuttle experiment (2003)

High precision measurement of specific heat of superfluid Helium He4

(zero momentum energy-energy correlation at UV FP) yields �

… But are the QFT predictions correct ?

One of the most accurate predictions of QFT !
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� Is not perturbatively renormalizable in d=3 .

� Nevertheless leads to detailed, calculable
predictions in the scaling limit  q² « � ² .

� Involves a new non-perturbative scale xxxx, essential in 
determining the scaling behavior in the vicinity of the FP.

� Whose non-trivial, universal predictions agree with
experiments.
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What is left of the above QG scenario in 4 dimensions ?

2+ 5 UV fixed point of Gravity



Lattice Quantum Gravity
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� Regularized theory is finite, allows 
non-perturbative treatment

� Methods of statistical field theory

� Multi-year experience with lattice QCD

� Numerical evaluation feasible

� Continuum limit requires UV fixed point
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Lattice Gauge Theory Works

[Particle Data Group LBL, 2008]
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Quantum Continuum Limit
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Simplicial Lattice Formulation

� Based on a dynamical lattice.

� Incorporates continuous local invariance.

� Puts within the reach of computation
problems which in practical terms are
beyond the power of normal analytical
methods.

� It affords any desired level of accuracy
by a sufficiently fine subdivision of the
space-time region under consideration.
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[ MTW, ch. 42 ]



Curvature, Described by Angles

2=d

Angles/Curvature det. by edge lengths
3=d

2=d

4=d



Choice of Lattice Structure

Timothy Nolan, 

Carl Berg Gallery, Los Angeles

Regular geometric objects can be 
stacked - to form a coordinated 
lattice of infinite extent.

A not so regular lattice …

… and a more regular one:

HH & R Williams 1984



Lattice Path Integral

Without loss of generality, one can set bare llll �C�C�C�C( �) (fixed volume);

Besides the cutoff # , the only relevant coupling is : (or 4 ).

General structure follows from edge to metric correspondence
[R. Schrader, HH & R Williams 1984, J. Hartle 1985]



CM5 at NCSA, 512 processors

Numerical Evaluation of Z 



Dedicated Parallel Supercomputer
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Two Phases of L. Quantum Gravity

Smooth phase: R � 0

Rough phase :
branched polymer, d � 2

(Lattice manifestation of conformal instability)

Unphysical

Physical

Earliest (1984) studies of lattice gravity theory 
in d = 4 found evidence for :

[ HH, Les Houches 1984 ; B. Berg 1985]



Determination of Scaling Exponents

Find value for � close to ; <=:

Scaling 
assumption:

> ? @
[ Phys Rev D 1992, 1993, 2000 ]
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PRD 1992, 1993, 2000
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RG Running Scenarios
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� Coupling .. gets weaker at large r
� … approaches an IR FP at large r.

� … gets weaker at small r : UV FP
� Both possibilities can coexist: 

nontrivial UV fixed point.
Wilson-Fisher FP in d<4“Triviality” of lambda phi 4

Asymptotic freedom of YM Ising model, � -model, Gravity (2+� , lattice)

Shown: 
Callan-Symanzik. beta functions,



(Lattice) Continuum Limit  D � B

Bare 4 must approach 
UV fixed point at 4 � )

UV cutoff � � �
(average lattice spacing � 0)

RG invariant correlation 
length  is kept fixed
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[ HH & R Williams, NPB 1994 ]



Next question :
Is such a QG scenario physically acceptable?

Lattice suggests weak coupling 
(screening)  phase is unphysical



Running Newton’s  4

� � is a new RG invariant scale of gravity.
� Newton’s constant G runs, and cutoff

dependence determines � -function :

Running of � det. largely by scale � and exponent � :

and

H H & R Williams, NPB 1994

Similar to 2 + 5 expansion result,  but with 4 - d exponent > = 1/3 ...



So, what value to take for x=1/� �?

[ In Yang-Mills : m = mass of lightest spin-0 glueball ]
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Three Theories Compared

Suggests

RG invariants Running couplings



Better: Gravitational Wilson Loop
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Vacuum Condensate Picture of QG

� Lattice Quantum Gravity: Curvature condensate

� Quantum Chromodynamics: Gluon and Fermion condensate

� Electroweak Theory: Higgs condensate v



Relative Scales in the Cutoff Theory

Pl x
x<<<< rlP x>>r

cm3310-» cm2810»

" � � � #� � � �� � $%�� $� �� � � � & � � � � � � � � ' ' � � � � (

� �� � � � � � � � �� 	 
 �� � � 
 � � � � 
 � � � � � � 	 � 
 � � � � 
 � � 
 � �� � �
� � � � � � 
 �� � � 
 � � � � � � � � 	 �� 	 � � � 	 �� � � � � 
 � �� � 
 �� � � �



Effective Field Equations with 4 ,R-

Explore generally covariant, non-local effective field equations 

Specific form of cov. D’Alembertian depends on object it acts on,

Consistency condition (Bianchi) :

G.A. Vilkovisky …
G. Veneziano
HH & R Williams PRD 2007
Deser & Woodard 2008



Static Isotropic Solution

Start again from fully covariant effective field equations

Search solution for a point source, or vacuum solution for r � 0

General static isotropic metric (
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Static Isotropic Solution - cont’d

Solution of full covariant equation (only for > = 1/3)
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…which can be consistently interpreted as a - �� � �

� C��d � /

H.H. & R. Williams, PLB ‘06; PRD ‘08



Cosmological Solutions

… for RW metric

Solve effective field equations 

… and perfect fluid with

	 =0 for simplicity

Compute action of         , then analytically continue in

Simplify treatment by assuming power laws:

existence of solution for large t requires 
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Cosmological Solution – cont’d

� Solution acquires a radiation-like (vac. pol.) component at large times.

t-t eq.

r-r eq.

Effective pressure term

At (very) large times, G needs to be further modified to: 

IR regulator

Similarities to:



Modified Cosmological Expansion Rate

	 -dominated 
expansion at 
later times

Standard FRW 
expansion at 
early times

Running G effects 
are maximal “now”



Density Perturbations with 4 ,R-
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 [  HH & R. Toriumi ]



The End


