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1 Introduction

1.1 Classical Spinning Particles in Curved Space-Time

e An important research area in general relativity involves t
dynamics of macroscopic objects wapin angular momentum
propagating in a curved space-time background.

e Many relevant examples of classical spinning objects inangtr
gravitational field in astrophysics.

— Neutron stars in orbit around supermassive black holes,

— Spinning particles in contact with gravitational waves, et

e Virtually all astrophysical sources have some angular nrdora

(orbital and spin), so a detailed analysis of how such objeehave
In curved space-time is essential to better understand.
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1.2 Mathisson-Papapetrou-Dixon (MPD) Equations

e Widely accepted that tHeading order interaction of classical
spinning objects in curved space-time is represented by the
Mathisson-Papapetrou-Dixon (MPD)equations of motion:

DPH
dr

DS*P
dr

1
_5 Rumﬁ uv SO‘B,

Pyl — pBye

e Pole-Dipole Approximation: Higher order terms due to multipole
moments beyond the mass monopole and spin dipole are rnegjlect
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1.3 Constraint Equations

Spin Condition: S“° P3 = 0 .

Parametrization Constraint: Freedom to define parametem
terms of P - u .

Centre-of-Mass Velocity:

o~ Prufp 1 SRy P SO0

1
m2 2 m2 + i Rogpo SB SPo

Mass Magnitude: m* = —P, P*

Spin Magnitude: s = 15, S*

Bothm ands areconstants of the motionfor MPD equations.
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2 Perturbation Approach to MPD Equations

2.1 Formalism

e Consider a definition oP* and.S*" in terms of gperturbation
order parameter ¢, such that:

PH(e)
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e For thezeroth-order terms:

0
DP(O)

dr
e MPD Equations:

DPH(e)
dr

DSP(¢)
dr

e For terms of ordey:

L
D P
dr

o3
DS )
dr
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Total Mass and Spin Magnitudes as the Sum of
“Radiative Corrections” to mg and sg:

e Perturbed mass magnitude:

oo
m? () ma 1—|—Z€jm? :
j=1

J

1 <~
52 o (1—k) pH
m? = mQZPJ P
k=1

H (k)

e Perturbed spin magnitude:
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2.2 Kinematic and Dynamical Quantities

e Four-Velocity: P-u = —m(

‘)
L 5%() Ry () $°° )
2

o |5 m2(e) Ae)

1
1 v () 5% e).
+ 4m2(8) RM BS (g)S ( )
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1
pv Y a3
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e Spin-to-Mass Ratio (Mgller radius):

ple) = 2L S—O{e+52{%(§f—

m(e) mo

(2) quv  o(1) guv
{2 sC) st 4+ S0 St

1
2
S0

(1) pp
Pu P(O) =0,

(2) (1)
[213# Pl + P P(*;)] ,

(3) pr 4 p(@) pn
PO P+ PO P
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3 Application to Black Hole Space-Time
Backgrounds

Orthonormal Tetrad: {M4}, 7,5 = guw Ma A5

DM

0
dr ’

"Riges = Ruvpo Ma X 3M5 %5

7
Poy

py o po\Y . QY pr p(0) _
Sl = NGNS (St PO = 0)

e Initial spin orientation(d, ¢) for S’ coincides with the standard

definition for the spherical co-ordinaté ¢) with respect to the
z-axis of the black hole’s body-frame.

T
Mo Uiy = Mo A,
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3.1 Kerr Space-Time

Boyer-Lindquist co-ordinates: X* = (t,r,0,¢), Qx = /M/r3.

14+ aQdx Ok
K p—
Ao ( 0,0, Nsm@)

E

" L B
A5 sin (Qx 7), A cos (Qx 1), 0, g Sin (O ’7’)),

L : E
— QK’T) ASIH(QKT),O,WCOS(QKT)>.

TA

&
@,0,_0)
- (e

r? Qg a?
1 — 2a QK + — 5
r2
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3.2 Vaidya Space-Time
Metric: X* = (£,7,0,¢), Qx = /My/r3.

B (1— 2Mr<§)> de? + 2a dédr +r? (d6” + sin® 0 dg”)

Mo + AM(E),

t—l—a[r—|—2Mg 111(2]1440 —1)].

a = +1 (infalling radiation)

a = —1 (outgoing radiation)

Orthonormal Tetrad:
A4 (sch) + AN .
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3.3 Orbital Stability Analysis in the Kerr and Vaidya

Backgrounds

— First Order
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Third Order
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— First Order
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Third Order
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4 Conclusion

e A systematic perturbation approach for analytically didssiag

classical spinning objects in curved space-time is preseiased on
the MPD equations of motion, with potentially interesting
consequences.

e Formalism appears to be robust and is self-consistent G}j40).

e Has the possibility of contributing to many research dimd.
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Examples of Various Potential Research Directions:

Gravitomagnetic analysis in the Kerr background.
Scattering due to gravitational waves.
Analysis of transition from stable to chaotic motion.

Interaction between two or more spinning particles.

— Continuum limit?

Modifications of gravitational self-force and outgoing gtational
radiation from a point dipole due to spin-gravity coupling?
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