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f (R;RµnRµn) due to technical dif�culties.
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About this talk . . .

n Modi�ed f (R) theories have been thoroughly studied in the recent
literature both in metric and in Palatini formalisms.

n Very limited attention have received extendedPalatinitheories of the form

f (R;RµnRµn) due to technical dif�culties.

n I will show that thosetechnical dif�culties can be overcomeandwill
derive theTOV equations that govern stellar structure.

n Structure of the talk:

u Basics of the Palatini �eld equations.
u Solving for the connection in Palatinif (R;RµnRµn) theories.

u Field equations of Palatinif (R;RµnRµn) .

u A fully tractable model: R+ aR2=Rp + bRµnRµn=RP

u TOV equations and their limits tof (R) and GR.
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Field Eqs for Palatini f (R;RµnRµn)
n The action is de�ned as

S[g;G;y m] = 1
2k2

R
d4x

p
� g f(R;Q)+ Sm[gµn;y m] , where Q = RµnRµn
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2k2
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d4x

p
� g f(R;Q)+ Sm[gµn;y m] , where Q = RµnRµn

n In Palatini, metric and connection are independent �elds:

Metric variation: fRRµn(G) � f
2gµn + 2fQRµa (G)Ra
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Connection variation:Ñb
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�
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= 0

where fX = d f=dX
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µn is the Levi-Civita
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u The trace eq.R fR � 2f = k2T implies R= R(T)

u From Ñb [
p

� g fR(T)gµn] = 0 it follows that Ga
µn is the Levi-Civita

connection ofhµn = fR(T)gµn .

n Using thatRµn(G) = Rµn(hµn = fR(T)gµn) the metric eqs become:

Gµn(g) = k2

fR
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� 3
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n In f (R):

u The trace eq.R fR � 2f = k2T implies R= R(T)

u From Ñb [
p

� g fR(T)gµn] = 0 it follows that Ga
µn is the Levi-Civita

connection ofhµn = fR(T)gµn .

n In vacuum Gµn(g) = � L e f fgµn , where L e f f � R fR� f
2fR

�
�
�
T= 0

is an

effective cosmological constant.
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Solving for G in f (R;Q) I

n The equation to solve isÑb
� p

� g
�

fRgµn + 2fQRµn��
= 0 .

n First we must show that this is a �rst-order equation forG:

u Using Pµ
n � Rµagan , the metric �eld equation becomes

fRPµ
n � f

2dµ
n + 2fQPµ

aPa
n = k2Tµ

n

u Using matrix notation this is equivalent to:

2fQP̂2 + fRP̂� f
2 Î = k2T̂
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n Solving for P̂ = P̂(T̂) leads to the desired result.

Explicit solutions can be found whenf (R;Q) andTµn are given.
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= 0 .

n First we must show that this is a �rst-order equation forG:

u Using Pµ
n � Rµagan , the metric �eld equation becomes

fRPµ
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2dµ
n + 2fQPµ

aPa
n = k2Tµ

n

u Using matrix notation this is equivalent to:

2fQP̂2 + fRP̂� f
2 Î = k2T̂

n This implies thatR= Tr[P̂] and Q = Tr[P̂2] .

n Solving for P̂ = P̂(T̂) leads to the desired result.

Explicit solutions can be found whenf (R;Q) andTµn are given.

n The equation to solve now is

Ñb
� p

� ggµa �
fR(T̂)dn

a + 2fQ(T̂)Pa
n��

= 0 .
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n The equation to solve isÑb
� p

� ggµa �
fR(T)dn

a + 2fQ(T)Pa
n��

= 0 .

n Propose the following ansatz:
p

� hĥ� 1 =
p
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� hĥ� 1 =
p
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l About this talk . . .

l Basics of Palatini

l Connection in General f I

l Connection in General f II

l Perfect Fluid

l Field Equations

l Solvable models

l Spherical Symmetry

l Conservation Equation

l Summary of formulas

l Summary and Conclusions

The End

Gonzalo J. Olmo Paris, July 2009, 12th Marcel Grossman Meeting - p. 6/13

f (R;Q) with a Perfect Fluid
n Consider matter described by

Tµ
n = Pdµ

n + ( r + P)uµun $ T̂ = PÎ + ( r + P)ûû
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f (R;Q) with a Perfect Fluid
n Consider matter described by

Tµ
n = Pdµ

n + ( r + P)uµun $ T̂ = PÎ + ( r + P)ûû

n First we need to solve for̂P(T̂): (recall thatPµ
n) � Rµagan)

u Rearranging2fQP̂2 + fRP̂� f
2 Î = k2T̂ we �nd

2fQ
�

P̂+ fR
4fQ

Î
� 2

=
�

k2P + f
2 + f 2

R
8fQ

�
Î + k2(r + P)uµuµ

u Denoting 2fQM̂2 = aÎ + buµun we �nd that

p
2fQM̂ = l I + suµun where l 2 = a and s = ( l �

p
l 2 � b)
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n First we need to solve for̂P(T̂): (recall thatPµ
n) � Rµagan)

u Rearranging2fQP̂2 + fRP̂� f
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n The metric is thus given by (where W=
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q
2fQs

n The metric is thus given by (where W=
p

detŜ=L1 )

hµn = W

"

gµn �
p

2fQs
hp

2fQ(l � s)+ fR
2

i uµun

#

hµn = 1
W

"

gµn +
p

2fQs
hp

2fQl + fR
2

i uµun

#

n hµn andgµn are related by adisformal transformation. When fQ ! 0, it
boils down to the conformal transformationhµn = fRgµn of f (R) theories.
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Field Equations

n Starting with fRPµ
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Rµn(g)vac = f
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�
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�
r ;P= 0

gµn = L e f fgµn ) de Sitter space!!!
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t µn = ( f
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L 1(L 1� L 2) uµun

n In vacuum, the �eld equations boil down to:

Rµn(g)vac = f
2L 1

�
�
�
r ;P= 0

gµn = L e f fgµn ) de Sitter space!!!

n Summary: (L1 =
q

2fQl +
fR
2 , L2 =

q
2fQs, W=

p
L1(L1 � L2), l 2 =

 

k2P + f
2 +

f 2
R

8fQ

!

,s = ( l �
q

l 2 � b) )

Rµn(G) = ( f
2 + k2P)

L 1
gµn +

L 1k2(r + P)� L 2( f
2 + k2P)

L 1(L 1� L 2) uµun

G= Levi-Civita of hµn where , hµn = W

"

gµn �
p

2fQs
hp

2fQ(l � s)+ fR
2

i uµun
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n For physical applications, we need solvable models:R(T̂);Q(T̂) .
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Explicitly solvable f (R;Q) models

n For physical applications, we need solvable models:R(T̂);Q(T̂) .

n Simplest solvable models:f (R;Q) = f̃ (R)+ RµnRµn

RP

u Trace equation2Q fQ + R fR � 2f = k2T ) Rf̃R � 2 f̃ = k2T ) R= R(T) .

u Trace of
q

2fQM̂ : Q
2RP

= �
�

k2P + f̃
2 +

RP
8 f̃ 2

R

�
+

RP
32

2

43
�

R
RP

+ f̃R

�
�

s �
R

RP
+ f̃R

� 2
� 4k2(r + P)

RP

3

5

2
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Explicitly solvable f (R;Q) models

n For physical applications, we need solvable models:R(T̂);Q(T̂) .

n Simplest solvable models:f (R;Q) = f̃ (R)+ RµnRµn

RP

u Trace equation2Q fQ + R fR � 2f = k2T ) Rf̃R � 2 f̃ = k2T ) R= R(T) .

u Trace of
q

2fQM̂ : Q
2RP

= �
�

k2P + f̃
2 +

RP
8 f̃ 2

R

�
+

RP
32

2

43
�

R
RP

+ f̃R

�
�

s �
R

RP
+ f̃R

� 2
� 4k2(r + P)

RP

3

5

2

n Example: f (R;Q) = R� R2

2RP
+ RµnRµn

RP

Q = 3R2
P

8

�
1� 2k2(r + P)

RP
+ 2k4(r � 3P)2

3R2
P

�
q

1� 4k2(r + P)
RP

�

Expanding: Q �
�
3P2 + r 2�

+ 3(P+ r )3

2RP
+ 15(P+ r )4

4RP
2 + : : :

In this model, R= � k2T is the same as in GR.
Note thatQ has an upper bound !!!
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n Consider ds2 = gµndxµdxn = � A(r)e2y (r)dt2 + 1
A(r) dr2 + r2dW2 .
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u htt = S(r ;P)gtt , whereS(r ;P) =
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1=(L 1 � L 2).

u hi j = W(r ;P)gi j ,whereW(r ;P) =
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L 1(L 1 � L 2).

n ComputeGa
bg(h) andRµn(h), and construct the combinations

u W
SRttgtt � Rrr grr = W

S t t
t � t r

r

u Rqqgqq = t q
q

n We �nd the following equations:(where A(r) = 1� 2M(r)=r )

u
�

Wr
W + 2

r

�
y r = 1

A

�
t r

r � W
S t t

t
�
� 1

2
Wr
W

�
2Wr

W + Sr
S

�
� 1

r

�
Sr
S � Wr

W

�
+ Wrr

W

u
�

Wr
W + 2

r

�
Mr
r =

3t r
r � W

S t t
t

2 + A
h

Wrr
W + Wr

W

�
2r� 3M

r(r� 2M) � 3
4

Wr
W

�i
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n It remains to obtain the conservation equation:

dP
dr = � (r + P)

�
y r + Ar

2A

�
= � (r + P)

�
M

r2A + y r � Mr
rA

�
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Conservation Equation

n The conservation equationdP
dr = � (r + P)

�
y r + Ar

2A

�
turns into

dP
dr = � (r + P)

�
M

r2A
�

(t r
r + W

S t t
t )

2DA � 1
D

Wr
W

�
3
4

Wr
W + 2r� 3M

r(r� 2M)

�
� 1

2

�
Sr
S � Wr

W

� �
,

whereD=
�

Wr
W + 2

r

�
.
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whereD=
�
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W + 2

r

�
.

n Using the notationWr � WP P r andSr � SP P r , whereWP � ¶P WandSP � ¶P S,
the above equation has the form

C1 + C2P r + C3P2
r = 0 where

C1 = 2(r + P)
r2(r� 2M)

h
M �

�
t r

r + W
S t t

t

�
r3
4

i

C2 = 2
r

h
1� (r + P)

2

�
WP
W + SP

S

�i

C3 = WP
W

h
1� (r + P)

2

n
3
2

WP
W �

�
SP
S � WP

W

�oi
.
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n We thus �nd that

P r = � P (0)
r

[1� a(r)]
2�

1+
q

1� b(r)P (0)
r

�
where

P (0)
r = (r + P)

r(r� 2M)

h
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�
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Summary of formulas
n The stellar structure of static, spherically symmetric systems in

f (R;RµnRµn) Palatini theories is governed by the following equations:
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u P r = � P (0)
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Summary of formulas
n The stellar structure of static, spherically symmetric systems in
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n We recover thef (R) eqs. whenfQ ! 0, which implies S= W ) fR .
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Summary and Conclusions
n Generalized Palatinif (R;Q) theories generate modi�ed gravitywithout

introducing new degrees of freedom.
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Summary and Conclusions
n Generalized Palatinif (R;Q) theories generate modi�ed gravitywithout

introducing new degrees of freedom.

n The independent connection is solved as the Levi-Civita connection of an
auxiliary metric related with the physical metric via adisformal
transformation.
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n Generalized Palatinif (R;Q) theories generate modi�ed gravitywithout

introducing new degrees of freedom.

n The independent connection is solved as the Levi-Civita connection of an
auxiliary metric related with the physical metric via adisformal
transformation.

n In general, R and Q are functions of the components ofTµn , not just

functions of the traceT .
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n The independent connection is solved as the Levi-Civita connection of an
auxiliary metric related with the physical metric via adisformal
transformation.

n In general, R and Q are functions of the components ofTµn , not just

functions of the traceT .

n In some models,r and P arebounded from above, which mayaffect
the solutions near singularities.
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Summary and Conclusions
n Generalized Palatinif (R;Q) theories generate modi�ed gravitywithout

introducing new degrees of freedom.

n The independent connection is solved as the Levi-Civita connection of an
auxiliary metric related with the physical metric via adisformal
transformation.

n In general, R and Q are functions of the components ofTµn , not just

functions of the traceT .

n In some models,r and P arebounded from above, which mayaffect
the solutions near singularities.

n The equations of stellar structure can be found following analgorithm
similar to that used in GR.The resulting equations smoothly recover the
f (R) and GR expressions in the corresponding limits.
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Thanks !!!
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