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Introduction

Motivation

e Conceptual problem:

How to generalise the classical theory of elasticity to a relativistic
framework?

e Application:
Elastic properties of bar detectors

e Neutron stars have an elastic crust.
Is there an influence on gravitational waves(?)
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Geometry and Kinematics

Geometry and Kinematics

Basic variable

body in space-time M

body consists of ideal particles

particle traces world-line

fundamental variable

e f:M— B, XaHXA:fA(Xa)

— f

collapses world-lines into points
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Geometry and Kinematics

Geometry and Kinematics

Basic variable

F;q = V,f” has maximal rank

FA:TM — TB is a two-point tensor

/

e one-dimensional kernel, time-like

e uVFA =0, uvlu; =1

4-velocity of individual particles
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Geometry and Kinematics

Geometry and Kinematics

Strain
e fix a foliation of M
(time coordinate t)
— e f:{t = const.} — B local diffeo

e push-forward —£,(g 1) is a family of
positive (inverse) metrics on B

e HAB(t) == —F)'Ffg® = —F/'FJh**

e current spatial distance between
particles

— f

e state of strain ke
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Geometry and Kinematics

Geometry and Kinematics

Material properties

Material properties require specific, pre-existing structures on B

examples:

1. volume structure, 3-form nsgc on B

e [,n is number of particles inside A C B
e pullback f*n is 3-form on M

ArBC d
Nabe = F5 Fp Fenagc = nueqape

e particle density (concentration) n, mass density p = mn

e material current j = nu?, ‘baryon’ conservation

V.i=0
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Geometry and Kinematics

Geometry and Kinematics
Material properties

Material properties require specific, pre-existing structures on B

examples:

2. reference state G for the strain
e metric on B (flat?)
o defines a relaxed state
e discrepancy between HAZ and G is deformation,

1
€A = Hap — Gag, ore= > log(HG™")

Other structures:
3. high-pressure formulation requires conformal metric
4. anisotropy properties require vector fields, etc.
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Dynamics

Dynamics

Action principle with the energy density p

A:/p[f,w;g] J=E d'
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Dynamics

Dynamics

Action principle with the energy density p

A= /p[f,w;g] J=E d'
Variation with respect to f: Euler-Lagrange equations

1 op op
= 7™ [V Fom] o=
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Dynamics

Dynamics

Action principle with the energy density p

A= /p[f,w;g] J=E d'
Variation with respect to f: Euler-Lagrange equations

1 op op
= 7™ [V Fom] o=

divergence of energy-momentum tensor
VP Th, = EaF2

material equations are satisfied <= emt is divergence free
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Dynamics

Dynamics

introduce energy-per-particle: e = p/n

(2") Piola-Kirchhoff stress tensor

Oe
TAB = 2—8HAB

Energy-momentum tensor takes the form
Tap = puatp — FJ FP7as
compare with ideal fluid T,, = p usup — ph,p (obtained for f = f(n)).
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Dynamics

Dynamics
Hooke approximation: stress is proportional to strain

7_AB o EAB
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Dynamics

Dynamics
Hooke approximation: stress is proportional to strain
AB AB

T X €

consequently, e has an expansion in eap like (no stress in relaxed state!)

m
e=m+ EKABCDEABECD +0()
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Dynamics

Dynamics
Hooke approximation: stress is proportional to strain

7_AB o EAB

consequently, e has an expansion in eap like (no stress in relaxed state!)
L m AB_CD 3
e=m+ EKABCDG e +0(e)
for isotropic materials with Lamé coefficients A and

m
e=m-+ n (2)\(6AA)2 -+ ,ueABeAB>
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Spherically symmetric and static systems

Spherically symmetric and static systems

Purpose: check the differences when choosing
o different relaxed states (irrelevant in the fluid case)
e different matter models

e different strain variables
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Spherically symmetric and static systems

Spherically symmetric and static systems

reference metric on B, spherically symmetric
o flat euclidean metric (why?)
e inner Schwarzschild solution

energy density

p=rm (14 @I R+ 41i() )

matter models (fixed by choice of pg, A, 1)

e elastic aluminium sphere
po =2.72 g/cm3, A = 63.3 GPa, 1 = 25 GPa.

e sphere made from nucleonic matter
po = 101 g/cm3, X\ = 10%° GPa, = 107 GPa.
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Spherically symmetric and static systems

Spherically symmetric and static systems

spherically symmetric space-time metric

g = X dt?> — e dr? — r? (d6? + sin® 0 d¢?)
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Spherically symmetric and static systems

Spherically symmetric and static systems

spherically symmetric space-time metric
g = X dt?> — e dr? — r? (d6? + sin® 0 d¢?)
spherically symmetric body metric

G = e*0 dr? 4 r? (d#? + sin 0 dp?)
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Spherically symmetric and static systems

Spherically symmetric and static systems

spherically symmetric space-time metric
g = X dt?> — e dr? — r? (d6? + sin® 0 d¢?)
spherically symmetric body metric
G =eXodr?2 42 (d92 +5sin%0 dng)

equivariant map f

f(t,r,0,0) = (R(r),0,9)
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Spherically symmetric and static systems

Spherically symmetric and static systems

spherically symmetric space-time metric
g = X dt?> — e dr? — r? (d6? + sin® 0 d¢?)
spherically symmetric body metric
G =eXodr?2 42 (d92 +5sin%0 dgbz)

equivariant map f
f(t,r.0,9) = (R(r),0,¢)
deformation tensor for BS (x = R'e~(¢=%) and y = R/r)

"= =1)dr@ 0, + (y* = 1)(d0 ® 9p + dp ® Iy

deformation is determined by x and y, KM below
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Spherically symmetric and static systems

Einstein equations
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Spherically symmetric and static systems

Einstein equations

with T =p, P=-TY, Q=-T2%
divergence-free condition (Bianchi identity)

P’+n’(p+P)+2(P—Q):0

r
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Spherically symmetric and static systems
new variable: ‘averaged’ energy density

w = iﬂ p(s)s® ds
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Spherically symmetric and static systems
new variable: ‘averaged’ energy density

47
w=-—3 p(s)s ds
new equations

!/

w' = —3w + 4mp,

ol — 247TP—|—W
eI 2w
47rP—|—W

Clearly, P = P(x,y) and Q@ = Q(x, y)
P =Px + P,y
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Spherically symmetric and static systems

final system:

w' = —3w + 4mp,

X |
/ e—%0

ry = —— -y,
Y V1-2rlw !
P X _ ArP+wp+P 2
e OV SR TS Lt sl p_

=P <y V2w > 122w B, B9
e singular at r = 0, existence of solutions must be checked

o regularity requires special initial conditions

4
w(0) = ?p(O), y(0) = x(0) =:a, P(0)= Q(0)

e can be solved numerically
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Spherically symmetric and static systems

conventional deformation variable (BS)

p= (oo + B {02 124207 - 1P+ 3 {00 - D+ 207 - 1))
P= 200 (A +20)( 1) + 20 ~ 1),
Q = 5002 (A +2u)(y2 — 1) + (2~ 1))
logarithmic deformation variable (KM)
p=xy° (Po + p{(log x)* + 2(log y)*} + % {logx 42 |ogy}2> ,

P = (xy?) (A + 2u) log x + 2\ log y),
Q = (xy?) ((2\ + 2p) log y + A logx).
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Results

Results

Small deformations, aluminum sphere, differences between
classical and relativistic

e aluminium sphere

for classical elasticity, BS and KM energy functional

relative central compression § = 1073
radius 535 km, mass 1.2 x 10'? kg

plot: relative difference in mean density to classical solution
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Results
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Results

Results

Small deformations, aluminum sphere, differences between
classical and relativistic

e aluminium sphere

e for classical elasticity, BS and KM energy functional

e relative central compression 6 = 1/1000

e radius 535 km, mass 1.2 x 10'? kg

o difference between BS and classical solution < 6 x 10~13

e KM is more tightly bound than BS and classical solution
Siveo

J. Frauendiener (University of Otago) Relativistic elasticity MG12 20 / 27



Results

Results

Aluminum, large deformations, BS energy

mass-radius diagram (linear axes)

x 10°
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mass-radius diagram (double logarithmic axes)
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Results

Results

Aluminum, large deformations, BS energy
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Results

Results

Aluminum, large deformations, BS energy

e maximal mass ~ 8.4 x 109 Mg
e maximal radius ~ 25Rg

e three different regimes

e classical M < R3

e extreme M x R°

e linear unstable M o« R

e second (stable?) branch
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Results

Results

Aluminum, large deformations, KM energy

mass-radius diagram (linear axes)
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Results

Results

Aluminum, large deformations, KM energy

e maximal mass ~ 5Mg

e maximal radius ~ 1.3Rg

e classical regime M « R3

e much more compact configurations

e convergence to limit configuration
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Results

Results

Nucleonic matter, large deformations

mass-radius diagram (linear axes)
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Conclusion

Conclusions

o families of spherical elastic bodies

o large deformations, for small ones no relevant differences

e KM energy forces convergence to a limit configuration

e BS energy shows three different, very distinct regimes

e and possibly more than one branch in mass-radius diagram

e difference in relaxed state generally negligible

e no qualitative difference between aluminium and nucleonic matter

e proceed to do perturbations coupled to gw
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