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General relativistic elasticity

Basic concepts

Configuration mapping

The space-time configuration of the material is described by the

mapping
Y:M— X.

e (M, gap) space-time with coordinate system {w?},
a=0,1,2,3

e (X, Kag) material space with material metric K4g and
coordinate system {4}, A=1,2,3
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General relativistic elasticity

Basic concepts

Pulled-back material metric

kab = W*Kap = EXEE Kag,

oEA
ow?

where £2 = is the relativistic deformation gradient.

Let n?, n3, n3 be the eigenvalues of ki:

2 2 2
Kab = N1XaXp + N5Yayp + N3Za22p
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General relativistic elasticity

Basic concepts

Orthonormal tetrad {u?, x?, y?, 27} = {e]}

wv,p...=0,1,23
o« B,v..=1,2,3

X, ¥, z are the eigenvectors of kj.
u is the velocity field of the matter: uaa’;‘ =0, v'u,=—1, u®>0.

8ab = —UaUp + XaXp + Yayp + Zazp

hap = XaXp + Vayp + Z22p projection tensor
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General relativistic elasticity

Basic concepts

Relativistic strain tensor

1
Sab = E(hab - kab)

The material is in an unstrained state if s,, = 0.
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General relativistic elasticity

Basic concepts

Energy-momentum tensor

op
355 — PUalp + Pap.

Tab = —pPgab t+ Qaga

Pab = 2% — ph,p  pressure tensor
e p = ne energy density
e ¢ energy per particle

e n particle number density
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General relativistic elasticity

Basic concepts

Elasticity Difference Tensor

For any vector field X, one has
DbXa o DbXa — hlgnh?,(@mxn _ va”) — SachC)

where the elasticity difference tensor §2,_ can be expressed as

S = 5k—am(Dbkmc + Dckmp — Dmkpe),

where k7™ is such that k™Mkp,, = hj.
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General relativistic elasticity

Decomposition for the EDT

Decomposing 52, along the eigenvectors of kj one obtains
5abc = I\l/lbcxa + I\2/Ibcya + I\?,/Ibcza-

Mpe, Mpe and My are second order symmetric, flowline orthogonal
1 2 3

tensors.
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Conformal material metrics

Conformal material metrics

Consider two conformally related pulled-back material metrics de-
fined on (M, g) obtained from two conformal metrics Kag = f°Kag
on X:

kab = f2/_(ab)

where f = f(£4(w?)) is a smooth, strictly positive function.

2 2 2
® Kap = N{XaXp + N5Yayp + N32Z22p

o kab = N3XaXp + N3YaYb + N32a2p
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Conformal material metrics

Consequences

Eigenvalues of the pulled-back material metrics

f2n1
f2
f2

wm MI\J P—‘I\)

Particle number densities

e n=1f3n
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Conformal material metrics

Consequences
Energy-momentum tensor

. _ 9
For k:  T,, = neuyup + nny aTelXaXb + nny a—nezyayb + nn3a—,f3232b
) g o € T oo €
For k:  T,, = n€u,up + nny 9, XaXb T N2 52=yayb + NN355-2a2Zp
Tap=Tap =

Energy per particle

° e:%é
Oe _ 1 09e 0e _ 1 0e 9e _ 1 0
onp ~ f40ny’ np — f40ny? n3 ~ f4 Ons
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Conformal material metrics

Consequences

Energy densities

Strain tensors

1
Sab = f2§ab + Ehab(]- - fz)
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Conformal material metrics

Elasticity difference tensor

Relation between S?,_ and 52,
S = S%. + % (h2 Dpf + hi Dcf — k—2™kpe Df ),

where k™M kp. = k=M k.

Conformally related material metrics in general relat



Conformal material metrics

Decomposition for the Elasticity Difference Tensor

Relation between M and M
x x

_ 1 1
Mpe = Mpe + = eg‘Dbf—l—eg‘Dcf——kbce“mDmf
x x f n%x
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Conformal material metrics

Eigenvalue-eigenvector problem
Eigenvalue-eigenvector equation for M
X
MEw?P = Aw®
X
Eigenvalue-eigenvector equation for M
&

MEw? = Aw®
X

Investigate the conditions for the eigenvectors of the pulled-back
material metric w? = x?, wb = yb, wb = 2P to be eigenvectors for

M and M.
x X
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Conformal material metrics

Eigenvalue-eigenvector problem

Conditions for ey to be an eigenvector for M and M
x X
Aey(Inf) =0 for each  # o

Eigenvalues
e A=A+Ac(Inf) Aeo(Inf) = (Inf) ned

Conditions for eg to be an eigenvector for M and M
x X
® Aey(Inf) =0, for a fixed B #
° Mgegeyc =0
X

Eigenvalues
2

e A=A— f e (INF)
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Static spherically symmetric configurations

Static spherically symmetric space-time

Space-time (M, g)
e Static spherically symmetric metric
ds? = —e®dt? + Mg 4 2402 + r? sin? 0d B>

e Coordinates: w? ={t,r,0, ¢}
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Static spherically symmetric configurations

Static spherically symmetric space-time

Pulled-back material metrics
1. ko ds® =F"?dr? + 7 d0? + 72 sin’0 dp?

2. ko ds® = F2(F)[F"? dr® + F? d0? + 72 sin’0 d p?]

Coordinates on X:

A =1{#0,0}, F=Fr), 0=0 d=0¢
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Static spherically symmetric configurations

Static spherically symmetric space-time

Eigenvalues of k?

2 ?/2 e72?\

nl—
=2 =2 _ P
np=n=7:mo

1 a
Eigenvalues of k]
n? = f2712 =2\

2 _ 2 _ 2R
n2—n3—fr—2
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Static spherically symmetric configurations

Static spherically symmetric space-time

Strain tensor associated with &

Se=13(e2—F2) Se9=3(r?—7) Spp=3sin’0(r>—7?)

Strain tensor associated with kj

S = % (e27‘ — f2?’2) Sop = % (r2 — f2?2) S = %sin2 0 (r2 — f2F2)

67\
S.p and syp vanish iff F(r) = ceide’, c>0.
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Static spherically symmetric configurations

Elasticity Difference Tensor

For k
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Static spherically symmetric configurations

Elasticity Difference Tensor

For k




Static spherically symmetric configurations

1. Eigenvectors and eigenvalues for lg/l Igﬂ and M

3
Eigenvectors Eigenvalues
X H =e (?;—/,’—7\’)
N e )
2z |w=%(e )
] x+y wa=eME—1)
M| x—y us = —e ME - 1)
z ug =0
BT pr = e NE 1)
l\3/l X—2z g = —e (%—%)
y Ho =0

Conformally related material me




Static spherically symmetric configurations

2. Eigenvectors and eigenvalues for l\l/l l\2ﬂ and I\34

Eigenvectors Eigenvalues
x po=e (B =N+ EE)
Al/’ y sz%(re’”‘—%_%%;
z H3=%(re_2}‘—%_%%§>
Xty u4=e*7\(?7’_%+%%;/
f
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Static spherically symmetric configurations
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